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1 preliminary 

In this paper, we prove the switching formula for Family Seiberg-Witten invari- 
ants. Besides its role in the family Seiberg-Witten theory, the formula is also 
one of the main ingredients in the proof of the Gottsche and the Gottsche-Yau- 
Zaslow conjecture[Liul]. 

Recall that in the ordinary Seiberg-Witten theory, a simple formula similar 
to the blow up formula was proved by R. Stern and R. Fintushel[FS] regarding 
the change of Seiberg-Witten invariants for the two different spin'^ structures 
which differ by a multiple of classes with self intersection number — — n. Our 
formula generalizes theirs to the family Seiberg-Witten theory. It turns out 
that through our generalization, the Gromov-Taubes aspect of R. Stern and R. 
Fintushel's formula can be fully explored. 

In an earlier paper [Liu3], the current author has derived the family blowup 
formula for —1 spheres. The family blowup formula plays a rather crucial role 
in understanding the enumerating question upon the number of nodal curves 
on an algebraic surface. In this paper, we generalize the approach to prove the 
— n sphere switching formula. 

In the following, we list all the few main theorems proved in the paper. 

The following theorem is the family switching formula of —n spheres. 

Main Theorem 1 Let it: X^BjTt: C^B,C and Ck he the fiber bundle 
of four-manifolds, the relative fiber bundle with fiberwise self-intersection 
number —n, the two fiberwise spin'^ structures . 

Assume that the family moduli space expected dimensions are non-negative, 
then 3V ^ B, a complex virtual vector bundle over B called the relative ob- 
struction virtual bundle and the following family switching formula relates the 
family invariants of spin'^ structures and C, 
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i>0 

For the notations and the structure of V, please consult section |31 and the 
statement of theorem |21 on page El 

The following theorem for algebraic family Seiberg-Witten invariants in sec- 
tion 0] is the algebraic analogue of the switching formula in which we allow the 
fibration to have singular fibers. 

Main Theorem 2 Let tt : X i-^ B be an algebraic fiber bundle of algebraic 
surfaces over a proper and smooth algebraic manifold B. Let C be a (1, 1) class 
of X which restricts to (1, 1) classes of the fibers. 

Let C <Z X be a rational curve fibration over B with smooth generic fibers 
and self-intersection number —n. 

Under these assumptions AF{i). — AF{iv). (see vaae \2S\ for the details), the 
pure algebraic family invariants of C + kPD(C) and the mixed family invariant 
of C are related by the following formula, 

ATSWx^b{I.C + kPD{C))= ATSWx^B{c^{Vl^k),C), 

0<i<oo 

where the relative obstruction virtual sheaf Vi^^a; can be identified with the 
virtual sheaf 

n^TT^OkciDc + kC) - n\,Okc{Dc + kC). 

In section 121 and section |H1 we apply the ideas embedded in the proof of the 
family switching formula to some concrete example on the restriction of the 
universal family X = Mn+i 'X-m„ Y{T) i-^ Y{r) = B. In section |5l wc com- 
pare the canonical algebraic Kuranishi models of two classes C — 'M.{E)E — 
■(c-M(£;)_B)<o ^'^'^ M(£')£'. In sectional we apply the technique 
of localized top Chern classes and identify certain localized contribution of 
ATSWM„+,xTiM)^M^xTiM)il,C-M{E)E) to be 

{ctotai{T),C-M{E)E- J2 e,). 

e,-(C-M(_E)_E)<0 



Main Theorem 3 Under the SimpUfying Assumption, the integer jYi^Zy^ 

Ci(iyH)'^*"^*^"'^"^"^ ^ ^^"^ Si<Ti 2 ^ representing the dominated lo- 
calized contribution ofY(T) to ^^SW Mn-\-ixT{M)t-^MnxT{M) 

{1,C -M{E)E), 

can be identified with the mixed family invariant 
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{ctotai{T),C -M{E)E -Y,ekJ 

for some t G Ko{Y(T) x T(M)). 

Please consult section |S1 and page 1431 for the notations and the details of the 
simplifying assumption. 

2 A Simple Review of Fintushel-Stern's Argu- 
ment 

After the discovery of the Seiberg-Witten theory [W] , the calculation of Seiberg- 
Witten invariants has become an important subject as Seiberg-Witten invariants 
give rise to the smooth diffcomorphism invariants of the four-manifolds. It has 
been the long term goal of several group of people to understand the behavior 
of the Donaldson or Seiberg-Witten invariants under several kinds of surgerical 
operation. In the present, we do not attempt to add new ingredients into this 
beautiful theory. Instead, we would like to generalize a simple formula of R. 
Fintushel and R. Stern to the family version of Seiberg-Witten invariants. As 
it will be shown in the second section, the proof of the new formula does not 
involve any new trick or technical improvement of Seiberg-Witten-Floer theory. 
Instead, the conjecture raised at the end of the paper strongly indicates the 
simplicity of the picture while the corresponding Floer theory could be rather 
complicated. 

It was R. Fintushel and R. Stern who first noticed the importance of the 
switching formula in the context of the original Seiberg-Witten theory. 

Let C be a cohomology class in H^{M, Z) with = — n, then C determines 
a complex line bundle Ec over M. Suppose the class C is represented by a — n 
two-sphere in the four-manifold M, then one considers the determinant bundles 
of the spin'^ structures of the following form 

Ck^Co(E)cE^\ 

To simplify the notation, we will adopt the following alternative additive 
notation 

Ck =Co + 2kC, keZ. 

Question: How do the Seiberg-Witten invariants of Co and Ck relate to each 
other? 

As the invariant is defined to be zero if the dimension of its moduli space 
is negative, it is more interesting to consider the case that both the moduli 
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space dimension £o and Lk are non-negative. They give explicit lower bounds 
to c\{Cof and ci(£/c)^. 

With this convention understood, one may state the following theorem of 
Fintushel-Stern [FS]. 

Theorem 1 (Fintushel-Stern) Let C E H^{M, Z) be represented by a two- 
sphere in the smooth four manifold M . Let Co o,nd Ck = £o + 2fcC be the 
determinant line bundles of the two spin'^ structures related by the tensoring of 
2k multiple of the complex line bundle Ec associated with C . 

Suppose that the dimensions of the Seiberg-Witten moduli spaces of Cq, C^, 
^ ' ^ , ^ ' ^ are non-negative, 

then the Seiberg- Witten invariants of both spin'' structures are equal to each 
other, 

SW{Ck) = SW{Co). 

As the proof is rather similar to the proof of blowup formula, let us indicate 
only a few key points. 

Let us take a tubular neighborhood of the embedded S"^ (poincare dual to 
C) inside M which is diffeomorphic to a two dimensional disk bundle D over 
the S^. As the self- intersection number is = — n, the normal bundle of the 

can be identified with a complex rank one bundle of negative first chern class 
—n. In particular, the boundary of the disk bundle dD, an bundle over the 
embedded 5^, is an oriented three dimensional manifold, denoted by L„. R. 
Fintushel and R. Stern observe that Ln,n £ N are lens spaces. A key property 
used in the proof of Stern-Fintushel is the fact that L„ carry positive scalar 
curvature metrics. This follows from the fact that is the universal covering 
of all the L„. 

Exactly as was used in the proof of the blowup formula, we consider the 
so-called long neck metric with a neck isometric to Iy„ x R bridging the S"^ and 
M — D. The vanishing theorem of Seiberg-Witten invariants on manifolds with 
positive scalar curvature metrics [W] simplifies the gluing argument dramatically 
and it implies that the Seiberg-Witten moduli spaces of Cq and Ck, -Mco and 
A4/:,. are diffemorphic. A simple obstruction bundle calculation leads to the 
proof of of the simple equality. 

The reader should consult [FS], [Liu3] for more details. 

3 The Set Up for Family Switching Formula and 
a Sketch of its Proof 

Let us discuss the set up of our main theorem and fix our notations. Let 
n : X 1-^ B he a. fiber bundle over B such that the fibers are diffeomorphic to 
a smooth four manifold M with 6^ > 0. Let C B be a fiber bundle over 
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B which is embedded into X i-^ B. Let Nc C be the real rank two normal 
bundle of C i-^ B in X. We assume that the fiberwise degree of Nc along 
C B is negative = —n,n G N, our goal is to compare the family Seiberg 
Witten invariants with different multiplicities along C ^ B. 

One assumes additionally that a fiberwise almost complex structure has been 
equipped upon some tubular neighborhood of C C Af such that the fiber bundle 
C i? is a relative CP"'^ pscudo-holomorphic embedding into X ^ B. Then 
Nc is equipped with a complex structure and is viewed as a complex line bundle 
over B. Let K denote the canonical line bundle of the fiberwise almost complex 
structure. Then it follows that K|coic = N^ (g) T^/^. 

Let Q C be a complex line bundle over the CP^ bundle C ^-^ B. Then 
there exists a Bq operator on Q 

Bq : f^c/s '2' Q ^c'/B Q' 

making Q a relative holomorphic line bundle on C i— > i?. The virtual bundle 
R-'7r*(Q) is defined to be the family index bundle IND{dQ) = Ker{3Q) — 
Coker{dQ). 

Let jC be the determinant line bundle of a fiberwise invariant spin° structure 
on X. Let -D(Nc) be the disc bundle inside the normal bundle of C in X. Then 
the boundary of £'(Nc) is a lens space bundle over B. Let us denote 9(-D(Nc)) 
by L{n). Under this convention has a structure of an bundle over B and 
the present set up is reduced to the family blowup setting discussed in [Liu3]. 

Let PD{C) e H'^{X, Z) denote the poincare dual of the sub-manifold C X. 
Then we may follow the convention in the ordinary Seiberg- Witten theory and 
denote £fc = £ + 2kPD(C) to be the determinant line bundle of a new spin" 
structure by tensoring C with 2k power of the complex line bundle determined 
by PD{C). Then we want to relate the family Seiberg Witten invariants of the 
spin'^ structures C and £fc = £ + 2kPD{C). 

Let the relative degree of C along C S be m e N. As £ is a characteristic 
element restricted fiberwise over B, J^^^ i^+C) = m+n must be an even integer. 
As in [LLl] we introduce the pure and mixed family Seiberg- Witten invariants 
and denote them by FSWb{1,C) and FSWb{c,C),c e H {B,Z), respectively. 
Then we have the following main theorem on the switching process, 

Theorem 2 Let n : X B, tt : C i-^ B, L{n) i-^ B, Nc i-^ B, £, Ck and m,n 
be as defined above and let the family moduli space dimensions 



/ ci(£)2-2x-3a / ci(A)'-2x-3a 

— 1- dtrriRB, — h dirnnB 

be non-negative, then 3V i—fB,a complex virtual vector bundle over B 
called the relative obstruction virtual bundle and the following family switching 
formula relates the family invariants of spin" structures Ck and C, 
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i>0 

(i) . ranked = ~'^''"+'''" . 

(ii) . The virtual vector bundle 'V i—f B is virtually isomorphic to (in K{B)) 

- (B^<k R'7r,(N^ (g>r)e K{B). 

The complex line bundle V — \J C® K|c is well-defined because m + n = 
(mod 2). 

Remark 1 (i). In defining the index bundle -R'vr, (N^ ® V) of d^i^-p, the 
bundle Nc has been given a holomorphic structure. We have assumed that the 
map C ^ X to be relative pseudo-holomorphic over B. In terms of Gromov 
theory, the existence locus of a —n pseudo-holomorphic rational curve within 
a generic family is of complex codimension 1 — n. To get a relative pseudo- 
holomorphic embedding like C over the whole B, one may restrict the family to 
be above the existence locus of the rational curves. An alternative way to define 
a complex structure on Nc is to view Nc as the complex line bundle induced by 
its circle bundle. 

(ii). In the above theorem, we also assume C ^ B to be smooth, i.e. there is 
no singular fibers. In the algebraic proof of the family switching formula (see 
section^, we will drop this assumption and allow it : C ^ B to have singular 
values. 

(Hi). In the above main theorem, the virtual rank rankc'R'T:^(Nl.iSi'P) is equal 
to {—in-\- -|- 1) = —in-\- HiiH may not be positive. It depends on the sign 

and the absolute value of the number m. 

Therefore the virtual rank of the virtual bundle V is equal to '^i<,k{in — 
rn±n^ _ -km+k'^n ^ ^j^^^f^ ^g^y positive, either. 

(iv). Whenever the virtual rank rank^V is negative, the previous equality be- 
tween the different pure and the mixed family Seiberg- Witten invariants could 
be re-interpreted as 

i^5VK(c,£) = ^F5VF(c,(W)Uc,/:fe), 

j 

where the virtual vector bundle W is virtually isomorphic to —V in the K 
group K{B) and is of positive virtual rank. 

Or by using the well known relationship [F] between the Segre classes and 
the Chern classes, we may re-write the previous relationship as 

FSW{c, C)=Y^ FSW{sj{V) U c, Ck). 
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Let us discuss several special cases of the family switching formula before 
giving derivation of the main theorem. 

Suppose that X t-^ B is the fiber bundle constructed by blowing up a fiber 
bundle Xq i-^ B along a cross section s : B i-^ Xq. Then C is nothing but the 
relative —1 two-sphere in X and the disk bundle £)(Nc) i-^- C can be identified 
with the CP^(R°7r*(N^) ® C) B minus the cross section at infinity. The 
family switching formula reduces to the family blowup formula studied in [Liu3] . 
The class PD(C) has been denoted by E in this special situation. Let £ = 
Cd + E,Cd -L E in H'^{X, Z) and £ + 2kE = Cd + {2k + l)E be the two spin" 
structures discussed in the switching formula, then the family switching formula 
asserts that 

V = - ®i<j<k R 7r*(N^ O V). 

The bundle C ^ B can be identified with the projectification CP^ (R'V* (NJ)) h-> 
B and one may apply the family index theorem (essentially the Grothendieck- 
Riemann-Roch formula in the smooth category) to the map n : C i-^ B. Let 
Ko denote the restriction of the canonical line bundle around the cross section 
s : B Xo to s. By the adjunction formula K|c = Kq (Xi Nc and C = Cd® Nc, 
the complex line bundle V is isomorphic to Nc ® sj Cd® Ko|c- Therefore, 

Let N = R°7r«(N*) be the complex rank two bundle of d^-i holomorphic 
sections along C B. Then by the projection formula of P-'^ bundles (see exer- 
cise 8.3, 8.4 on [Har] page 253 for the corresponding statment in the algebraic 
category) the virtual vector bundle R'7r*(N^'''^ (g) Ld\c ® Kq) can be identi- 
fied with S-'^^(Af*) ® \J £d|c ® Kg when j > 0. The resulting family switching 
formula is consistent with the family blowup formula derived in [Liu3]. 

Next let us derive one simple corollary of the family switching formula. Let 
us consider three different spirf structures which are related from one to another 
by consecutive switching multiplicities. Let £, C,%^ = C + 2k\PD{C),Cki+k^ = 
C + 2(fci + k2)PD{C) be the three fiberwise invariant spirf structures on X . 

Then we can apply the family switching formula from Li to £2, £2 to £3 
and C\ to £3, respectively. 

Let Vi.2! V2.3 and Vi_3 denote the relative virtual obstruction bundles con- 
structed by the main theorem for the three different switching processes. Then 
we have, 

Corollary 1 The direct sum of the relative virtual obstruction bundles Vi,2 ® 
V2,3 is virtually isomorphic to Vi^3 in K{B). 

Proof of the corollary: To prove the corollary, one shows that the direct factors 
in Vi,3 are in one to one correspondence with the direct factors in the direct 
sums V1.2 V2,3. 

This CcLD. be achieved by showing that V2,3 is isomorphic to — 0fc^<j<fej^_^^2 
R-7r*(N^(g)Pi,2) while ^1,2 = ^/CWK\c, ^2,3 = V-Cfci ® K|c, ^1,3 = V^S®TC|c. 
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It is apparent that Vi,2 = Vi.s. and N^Cg)'P2,3 = N^"^''^ ^Vim. Thus R-7r*(N^0 
'^2,3) = R'7r*(Ng"'"'^^ (g) 7^1,3) and the equahty on Vi,3 follows easily. □ 

Proof of the main theorem: 

By tubular neighborhood theorem, one may embed the disk bundle D(Nc) 
into X. Thus the fiber bundle X ^ B can be separated by the lens space bundle 
Lsiji) = dD{Nc) 1-^ B into two connected components X — D{Nc), -D(Nc). 

Consider the fiberwise 'long neck' Riemannian metrics on the fiber bundle 
X 1-^ B which has positive scalar curvature on the subset _D(Nc) ^ V C X 
(viewed as a neighborhood of C in X). Let /z be a fiberwise self-dual two form 
on X B vanishes on D(Nc) C X. 

Fix a fiberwise invariant spin''' structure C along X 1-^ B and denote the 
corresponding positive spin'^ spinor bundle by iS^. The family Seiberg-Witten 
moduli space of C is defined to be the set of all tuples of {A, ^, b) which satisfy 

Da{^) = 0, 

modulo the equivalence relationship of U{1) gauge transformations on {A, 
For the definition of the quadratic symbol q{-,-) '■ ® please 
consult page 55 of [Mor]. 

Let ^x/g, < i < 2, denotes the vector bundles of smooth differential 
i-forms of the fibers, then (0^^^)+ denote the vector bundle of fiberwise self- 
dual two forms. Let T{X / B,S^) denote the infinite dimensional vector bundles 
over B of the fiberwise sections of positive (negative) spin'' spinors in i^c )- 
Let d and d* denote the fiberwise deRham operator and its adjoint and let 
P+, (7, /i, c(-) denote the infinitesimal change of the operator P-f, t, the self-dual 
two form n and the Clifford multiplication c(-) under the infinitesimal change 
of the fiberwise Riemannian metrics induced along a given direction e Ti,B. 
Given a Seiberg-Witten solution (j4o,4'o) of a fiber above the point b E B, 
the infinitesimal deformation complex of the family Seiberg-Witten equations is 
given by the following Predholm operator 

d* 

P+c^^o -g(*o,*o) P+d c(-)-*o 
c(Ao) • *o -2t(*o, •) Da, 

Tt,B e nl,/B e t{x/b,s+) n%/s ® © r{x/B,sz). 

The kernel of the above Fredholm operator is the Zariski tangent space of the 
family moduli space Mc at the equivalence class of {A, ^f, b) and the cokcrncl 
of the Fredholm operator is the obstruction space of the solution {Aq, 'ifojb). 
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To determine the obstruction semi-bundle oi Mc, it is reduced to calculate 
the of the deformation complex over all the equivalence classes [A, 4", 6] G 
Mc- 

By our choice of the fiberwise long neck metrics on X i-^ B, the spinor ^ of 
any Seiberg-Witten solutions [A, b] S Mc vanishes along the long neck and 
the whole -D(Nc) Xb {b} ^ V Xb {b} d X Xb {&}• On the other hand, the 
connection A is anti-self-dual on 2?x = D{Nc) xsjfe}, i.e. P+FA\vxB{b} = 
and A is gauge equivalent to the trivial connection on the boundary 8(1) x b 
{b}). Such a connection is usually called a reducible connection. 

The sketch of the gluing argument of the solutions of the Seiberg-Witten 
equations (please consult [FS] page 226-227 for some details) allows us to con- 
clude, 

Lemma 1 Let Mcp) P & the family Seiberg-Witten moduli space of the 

spin'^ structure C + 2pPD{C) over X ^-^ B, with the chosen long neck fiberwise 
Riemannian metric. 

Then the restriction map {A, b) i-^ {A\xxB{b}-VxB{b}''^\xxB{b}-VxB{b},b) 
establishes an inclusion from M.Cp to the family Seiberg-Witten moduli space M. 
of the spin'^ structure Cp\x-'D on the fiber bundle X ^T) of four-manifolds with 
long cylindrical ends. 

A sketch of the argument: The argument oi B — pt case (i.e. for a single four- 
manifold M) for rational blowdowns has been sketched in [FS]. The discussion 
for the general case is parallel. On the fiber bundle of four-manifolds with long 
cylindrical ends V B there is a unique (up to gauge equivalences) fiberwise 
anti-self-dual connection Ared of the line bundle Cp\-D. 

Given any solution {A,'i/,b) g Mcp, the restriction A\x)XB{b} to the fiber 
'D Xb {b} must be gauge equivalent to the restriction of the unique reducible 
connection Ap^red & A^iV, Cp) on the specific fiber V Xb {b}. 

On the other hand starting from any solution S of the Seiberg-Witten 
equations on the four-manifold with a long cylindrical end, X x Bib^ — V x 
one may glue it with {Ap ,.ed\-DxB{b}^ 0) to get an approximated solution on the 
closed four-manifold X Xb {b}. By the general perturbation argument to get the 
exact solution, the obstruction to get the exact solution g A^^^ is determined 
by a finite rank obstruction bundle over M. . □ 

By lemma^we may view all the Aic ,l<p<ka& subspaces in the moduli 
space M. over the fiber bundle X — V with cylindrical ends. In the following, 
M. will serve as the ambient space. 

The global gauge transformations induces a tautological bundle over 
M. and we denote by e. Let e i-^ denote the complex line bundle e Xgi C. 
The circle bundle e and the line bundle e are universal in the sense that their 
pull-back to the various M.Cp are the equal to the tautological bundles defined 
over Mcp- 

Let red • Ij, ^ '^c \-D denote the fiberwise Dirac operator induced by 
the reducible connection Ap ^ed on Cp\x>. 
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It is not too hard to see by using the infinitesimal deformation complex of the 
Seiberg-Witten equations and the gluing of Seiberg-Witten solutions that the 
obstruction bundle defining C is isomorphic to e (g)c C oker{D a^, ^^a)- 

In the following, we would like to compare the vector bundles Coker{DA ) >— > 
B and Coker{DAp_,^,,^)^ B. 

In general, there is an equality 

rankcCoker{D Ap^,,^)~rankcCoker{D Ap_^^,,i) = \ {dim-siMcp-dim-R,Mcp.i)- 



Proposition 1 Let s = dimnMc ^ dim-R,M.c _i < 0, then the equivalent 
class [Coker{DAp ^^d) — Coker{DAp^i ^^j)] G K{B) can be realized as a complex 
rank —s vector bundle Vp i— > B. 

Lets — dim-fiAi Cp~dim-R,M Cp-i > 0, then the equivalent class [Coker{DAp_i red)" 
Coker{DAp ^ed)] ca?^ be realized as a complex rank s vector bundle Vp i-^ B 

The proof of this proposition will be postponed to subsection l3.2l onll3lwhen 
we identify Vp explicitly. 

Based on the existences of such Vp and its dependence on the difference of 
family Seiberg-Witten expected dimensions, we derive a schematic form of the 
family switching formula in the next subsection. 

3.1 The Comparison of Family Seiberg-Witten Moduli Space 
Expected Dimensions and Family Switching Formula 

Consider the fc-tuple of integers J^{ci{£) + {2i— 1)PD{C)) while i running from 
i = 1 to i = fc. If these numbers do not change signs at all, then one may 
discuss directly. If it happens that the numbers change signs, there exists a 
smallest critical 1 < kcric < k such that J^(^ci{C) + {2kcric + ^)PD{C)) € Z and 
intcci{C) G Z are of different signs. 

In such situation, we may split the original switching process into two cases 
and prove the family switching formula from C to C + 2kcricPD{C) and then 
from C + 2kc„cPD{C) to £ + 2kPD{C). 

We start from the following lemma on the relative family Seiberg-Witten 
moduli space dimensions. 

Lemma 2 Suppose C + 2{p — 1)PD{C) and C + 2pPD{C) are two fiberwise 
spin'^ structures of a fiber bundle X t—i- B of smooth four-manifolds. Then the 
difference of their family Seiberg- Witten moduli space expected dimensions is 
equal to Jc{ciiC) + (2p - 1)PL>(C)) . 
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Proof of the lemma: To simplify our notation, define C = C + 2{p — 1)PD{C). 
Then the two spin'^ structures are C and £' + 2PD{C), respectively. 
The difference of their family dimensions is given by 



The lemma is proved. □ 

If kcric exists such that Jg(ci(£) + (2i — 1)PD{C)) change signs, the lemma 
implies that the family Seiberg-Witten moduli space expected dimensions of 
C + 2iPD{C), < i < kcric are monotonically decreasing (increasing), while 
the family Seiberg-Witten moduli space expected dimensions of £ + 2iPD{C), 
kcric + I < i < k are monotonically increasing (decreasing) . 

Because the family Seiberg-Witten moduli spaces of all these spin'' structures 
defined with the positive scalar curvature long neck metrics are all isomorphic, 
the monotonicity of the family dimensions implies that there is a real rank 
|/^(ci(£) -I- {2p— 1)PD{C)) I relative obstruction bundle relating the "adjacant" 
spin'' structures C + 2{p- l)PD(C) and C + 2{p)PD{C) for different p. 

The proposition n implies that the difference virtual bundle of the obstruc- 

I r (ci(£) + (2p-l 

tion bundles defining Al£p_j , in M can be realized as a rank 2 — 

complex vector bundle e x c Vp over Ai . 

Given a complex vector bundle, the Euler class of the underlying real vector 
bundle is equal to its top Chern class. 

If /c(ci(/:) 4- (2p- 1)PD{C)) < 0, then [McJ e H^{M,Z) is homologous 

to 

ctopie «)c Vp) n [Mc,^,] = {J2 ci(e)* U ctop^^{Vp)) n [Mc,.,] 

i 

and we expect a family switching formula of the following form, 
FSWBir],C + 2pPDiC))= FSWeirj U c.iYp), C + 2{p ~ l)PDiC)), 

i<.rankcW p 

for 7? e H*{B,Z). 

For J^(^ci{C) + {2p — 1)PD{C)) > 0, we expect a family switching formula 
of the following form, 

FSWB{vX + 2ip-l)PD{C))= J2 FSWB{v^c^{Yp),C + 2pPD{C)), 

i<.ra7ikc'Vp 
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or equivalently, if we choose 77 to be a multiple of the total Segre class of Vp 
by ?7 e H*{B, Z), r] = Stotai{yp) U fj, then we have 

FSWb{v,C + '2pPD{C)) = FSWeifl U s,{Vp),C + 2(p - l)PDiC)), 

i>0 

by using the relationship 

Ctotal(Vp) U StotaliVp) = 1 G H° {B , Z). 

We have the following proposition combining the switching formulae for the 

adjacant spin'' structures, 

Proposition 2 Define the virtual bundle Vi^k by 

ViH^fc = ©pJ^(ci(£) + (2p-l)PD(C))<o'^P ~ ®p,J^(ci(£)+(2p-l)PD(C))>o"^P- 

(i). Then there is a family switching formula relating the pure (mixed) family 
invariants of C + 2kPD{C) and jC, 

FSWB{v,C + 2kPD{C)) = FSWB{v'^c^{\i^k),C). 

i<oo 

(a). The virtual rank of\i^k is equal to half of the difference of the family 
Seiberg-Witten moduli space expected dimensions, 

V / {ci{C) + {2p-l)PD{C))= [ {k-ci{£) + k^PD{C)). 

Proof of the proposition: 

(i). Suppose that the signs of /^(ci(£) + (2p— 1)PD{C)) do not change when 
the index p e N runs from 1 to k. Then by induction we have 

FSWB{r],C + 2kPD{C)) = FSWB{rlV^Ctotal{^k),C + {2k - 2)PD{C)) 

= FSWB{r]\Jctotai{^kmk-i),C+2{k-2)PD{C)) = ■■■ = FSWBiv^ctotai{yi^k), C), 

by using the multiplicative property of the total Chern class under direct 
sums; 
or 

FSWBiv, C + 2kPD{C)) = FSWBiv U stotaiiVk), C + (2fc - 2)PDiC)) 
= FSWB{v^Stotai{yk(BVk-i),C+2{k-2)PD{C)) = ■■■= FSWB{n^Stotai{-yi^k),C), 
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depending on whether the initial value J^(ci(£) + PD{C)) is negative or 
positive. 

On the other hand, suppose that the signs of J^(ci(£) + (2p — 1)PD{C)) 
do change, a similar inductive calculation from Ck to Ck^^^^+i and then from 
^k^ria+i shows that 

FSWb{v,^ + 2kPD{C)) = FSWb{v U ctotaii®p>k^„^+iVp), C + 2k,„cPDiC)) 

= FSWBirpCtotal{®p>k^„a + l^p)^Stotali®p<k,„Vp),C) = FSWBiv^Ctotal(Vl^k),C), 

or 

FSWBiv, C + 2kPD{C)) = FSWb{ti U Stotai{®p>k^„^+i^p),C + 2k,„cPD{C)) 

= FS'VFB(»7Ustota,(®p>fc_+iVp)uct„t„,(©p<fec„cVp),/:) = FSWB{'nyjctotai{^i^k).c), 

depending on the sign of /g(ci(£) + PD[C)). 

In the discussion, we have used the product formula of the total Chern classes 

Ctota/(Ui © U2) = Ctotali'^l) U Ctotal{^2), 

and the relationship between the total Segre and the total Chern classes of 
the virtual vector bundles, 

Stotal{^) = Ctotal{~'^)- 

(ii). The formula on the virtual rank of Vih^^ is verified by a direct calcu- 
lation and by a usage of the simple formula X]p<fc ^^T^ — 
This ends the proof of proposition |21 □ 

In the following subsection, we prove proposition^and identify Vp with the 
index bundle of the fiberwise d operator over C ^ B. 



3.2 The Identification of The Bundle Vp 

Consider the fiber bundle of four-manifolds with cylindrical ends T) = D(Nc) 1-^ 
B and the anti-self-dual connection Ap^red of >Cp|i?. The obstruction bundle 
defining Mc^, C M \s e (g)c Coker{DA^ ,.^a)- 

To relate the differential geometrical calculation about the family index 
IND{Da ^^j) to some algebraic geometric datum on C, one considers the n-th 
Hirzebruch surface fiber bundle over B constructed from C canonically. 

Recall that F„, the n-th Hirzebruch surface, is the rational ruled algebraic 
surface which has a P"'^ bundle structure over with two disjoint cross sections 
with self-intersection numbers n and — n respectively. For all n € N U {0} the 
surface F„ can be constructed as toric varieties. To construct the Fn bundle 
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over B, we consider the projective space bundle over C, P(Nc ® C) C. 
Moreover, the fiber bundle X i—^ B can be viewed as the familywise fiber sum 
between C C X ^ B and C ^ P(Nc) C F„ = P(Nc © C) identified along 
C. The embedded bundle C C A" is the relative — n curve over B, while 
C = P(Nc) C P(Nc © C) is the relative (self-intersection number=) n curve 
over B. 

Let D(Nc) denote the unit disk bundle of the normal bundle Nc, containing 
a P^ sub-fiber bundle of self-intersection number —n. Then _D(Nc) can be 
viewed as the unit disk bundle of Nc, -D(NJ), containing a P^ sub- fiber bundle 
with self-intersection number n. Then the n-th Hirzebruch surface fiber bundle 
P(Nc © C) can be decomposed as the union of the D{Nc) and D{Nc) gluing 
along their common boundary L{n) = d{D{'Nc)) and L{n) = d{D(Nc)). 

Putting in a cylindrical end = Lsin) x (— r, r) (and let r i— > oo) between 
£'(Nc) and D{Nc) by streching the fiberwise Riemannian metrics of P(Nc©C), 
the fiberwise Riemannian metrics defined on F„ i— s- B forms a long neck between 
these two P^ fiber bundles. For simplicity let us denote the P^ fiber bundles 
with the self-intersection number = n (= — n) by attaching the subscript ±, C+ 
and C- , respectively. 

By using the positive scalar curvature Riemmanian metrics on the lens space 
fiber bundle Lsin) t-^ B, it is well known that the solutions of the Seiberg- 
Witten equations must decay exponentially and asymptotic to the reducible 
solutions along the long neck [FS]. 

Up to the tensor factor e, the obstruction bundle oi Aicp C Al is completely 
determined by Ap^red and it only depends on V instead of the whole X. Thus 
one may glue V into F„ i— > B instead or equivalently, replace the long-necked 
fiber bundle X B by the long necked fiber bundle F„ i-^ _B. 

One extend Cp\v, P ^ Z simutaneously into fiberwise spin'^ structures Cp on 
F„ B such that they all match on F„ — V. 

Proof of proposition n 
Let 

Dp : r(F„/B,5t ) ^ r(F„/B,5T ) 

and 

:r(F„/B,5t )K^r(F„/B,5T ) 

J^p — 1 i^p — 1 

be some fiberwise Dirac operators on F„ i-^ _B of the fiberwise spin'^ struc- 
tures £p, and £p-i. By the excision property of the family index of Dirac opera- 
tors and the homotopy equivalence of the index bundles under changes of connec- 
tions, it suffices to show that when dimu-Mc —dim^Aic -i < (iO), the class 
of the virtual bundle [IND{Dp_i) - IND(Dp)] {[IND[Dp) - IND{Dp^i)]) in 
K{B) be realized as a complex vector bundle of rank \ \dim-£iM /:ip~dim-R,M £^^_^ \ 

Apparently if we change the fiberwise Riemannian metrics of the fiber bundle 
F„ 1-^ B and the connections on the spinor bundles, it does not affect the above 
class of virtual family index bundles. Thus, we are free to replace the original 
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fibcrwisc long necked Riemannian metrics on F„ B to the fiberwise Kahler 
metrics on F„ i-^- i? as F„ is an algebraic surface. Thus, the family Dirac 
operator Dp or -Dp_i can be identified with the B + B* operator. 

Let us review briefly about the cohomology ring structure of a Hirzebruch 

surface F,, . The Hirzebruch surface F„ is a rational ruled surface with 

two cross sections C+ and C_. Let F denote the divisor class generated by 
the fibers P^. The middle cohomology of F„, iI^(F„,Z) is generated by two 
classes, [C_] with [C_]^ = — n, and [F],with[F]'^ = 0. The class [C+] is related 
to [C_] by [C+] = [C-]+n[F]. The cone of the effective classes in H^{Fn, Z) is 
generated by the primitive generators of the extremal rays, [F] and [C-]. 

The holomorphic sections vanishing at F,C-^-,C- define holomorphic line 
bundles on F„, denoted by Ef,Ec+ and Ec_. Then ci(Ef) = [F], ci(Ec+) = 
[C+] and ci(Ec_) = [C_], respectively. 

Lemma 3 The first Chern class of the canonical line bundle Kj?^ is equal to 
-2[F] - [C+] - = -{n + 2)[F] - 2[C_]. 

Proof of the lemma: This follows from the canonical divisor formula of any toric 
surface (see page 85 section 4.3. of [F2]), 

Kp.„ = E^2 E^l E^^ 

□ 

Given a spin'' determinant line bundle £ on F„, there is a unique connection 
(up to gauge equivalence) which gives jC a structure of holomorphic line bundle. 

Moreover the spinor bundles 5t ^ (A°'° F„ ® /\°'^ ^n) O y^Z^K^, 5r ^ 

A°'^ \J ^®'^F„ and the spin'' Dirac operator can be identified with the 

twisted d + B* operator by the complex line bundle C®\^Fr, i^'^^ [Law] page 
395-400). 

In our case, suppose that deg{C\c) = a, a = n{mod2), then the extension C 
over F„ i— !■ B can be identified as E|, (g) E^^ (g) Cq for some yet to be chosen 
even 6 e 2Z and a complex line bundle pull-back from the base B, Cq. We have 
made use of the fact [C+] U [C_] = 0. 

Accordingly the complex line bundle L® Ki?^ can be re-expressed as 

By the projection formula, the index bundle of the E^^ ® E^ ® \/ Ci^ 

twisted d+d* operator can be thought as the index bundle of the E^,^ 
twisted B + d* operator tensoring with \/Co. 

The following lemma implies that for a suitable choice of 6 e N, the kernel 
of the B + d* operator vanishes. 
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Lemma 4 Let Fn be the Hirzebruch surface with a toric Kahler metric. Then 

for all a (z Ti^a + n (z 2Z, there exists at least one & G 2Z such that the E^^ (g) 
j) _i - - 

twisted d + d* operator 

has a trivial kernel. 

Proof of the lemma: Given the toric Kahler metric on Fn and the holomorphic 
structure defined by bard with = 0, the kernel of the twisted d + d* operator 
can be identified with 

HiiFr^Ep^-^ ^ e|;') e E7^"' (g e|;'). 

It suffices to find 6 e 2Z such that both d cohomologies vanish. It is well 
known that the zero-th and the second d cohomologies of the holomorphic line 

bundle E ^ are isomorphic to the sheaf cohomology iJ ° (F„ ,Of„{{ °~"^+''" - 

1)F + (I - 1)C_)) and g^(F„,0F„(( °~"+^" - 1)F+ (| - 1)C_)), respectively. 

The second sheaf cohomology is isomorphic to ((— "■^'"■+^'^ — 

1)F + (— I — 1)C_), by Serre duality on algebraic surfaces and lemma |21 

We make the following choice on b. If — 1 is negative, we simply set b = 0. 
If — 1 > 0, we choose a non-positive even b such that < °+"^+''" — 1 < n. 

Because F and C_ generate the cone of effective divisors on Fn, the dimen- 
sion h'^{Fn,OF„{AF + BC-)) is nonzero only when both A and B are non- 

"-"+''" 1 Ji_i 

negative. It is easy to see that our choices of b make both E^ ^ (g) Eq_ 

and Ep, ^ (g)Ep^ non-effective. Thus, the lemma is proved. □ 

By using lemma 0] to choose the appropriate 6 € 2Z, the sheaf of sections of 
the cokernel bundle Coker{d + d*) can be identified with the first right derived 
image sheaf of the sheaf of smooth sections 0f„(( °~V"^" + l)F + (| - 1)C_) 
holomorphic along the fibers of F„ i-^ B. 

We apply lemma ^ to Cp and identify C with the relative curve C_ i-^ _B in 
F„ 1-^ B. Consider the following sheaf short exact sequence, 

Taking the right derived image long exact sequence on the short exact se- 
quence and we find that if 

/ {ci{C) + 2pPD{C) + ci{K.\c)) ^ I {ci{C) + {2p^l)PD{C))-2 ^ a + n-2 <Q 

JC JC 

then one has the following sheaf short exact sequence, 
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^ 7^V. {Oc_ (( °~;+^" - i)F + - 0. 

We have used the vanishing of 7^°7^,(C'c- (( ""V"''" - 1)^ + (| ^ 

for a negative degree invertible sheaf Oc_ + + (| — 1)C_) on 

C_. 

This imphes that the difference 

is equivalent to the locally free TZ^tt, {Oc_ (( """+''" - 1)F + (| - 1)C_)) . 
We denote the vector bundle associated with the locally free sheaf as Vp. 
Suppose that 

[ ici{C) + 2pPD{C) + ciiK\c)) ^ [ (ci(£) + (2p-l)Pi?(C))-2 = a + n-2>0, 
Jc Jc 

there is another sheaf short exact sequence, 
It implies that 

is equivalent to the locally free 'R.°tt^{Oc_ (( """+''" - 1)F + (| - 1)C_)). 
In this case, we denote Vp as the vector bundle associated with the locally 
free sheaf. 

This ends the proof of proposition ^ □ 

Proposition 3 The bundle Yp is isomorphic to R-'^tt, (y%£®K)|c (E" N^) if 
/c(ci(£) + i2p-l)PD{C)) < 0. // JciciiC) + {2p^l)PD{C)) > 0, then Vp is 
isomorphic to R°7r, (-\/ (£ K)|c (8i N^) . 
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Proof of proposition |31 Based on the identification at the end of the proof of 
proposition!!! our task is to identify Oc_ (( "'"+''" - (| - 1)C_) with the 

sheaf of smooth sections of (8) K)|c ^ holomorphic along the fibers of 
C- ^ B. 

We notice that the hne bundle Cp\c over the curve C B can be identified 
with (E^"^''" (g) E^_)|c_ on the relative divisor C- i-^ B inside the relative 
Hirzebruch surface F„ i-^ S for an arbitrary b G 2Z. 

On the other hand, the restriction of the canonical line bundle, K|c, can be 
identified with 

a + n + bn ^ b 

Thus y^Cplc (E> Kc can be identified with ^£o|c_ ^CEp " (g) E^_ ) | c_ . 
By using E^|c_ = E^^ \c_ , the above line bundle is isomorphic to -\/£o|c_ ® 

(e7^-'®e|:')|c_. 

Up to the factor ^y£o\c_ pulled back from the base B, the sheaf of smooth 
sections of the line bundle (E^ ^ ® E^_ )\c_ holomorphic along C_ i— > B 
is equal to Oc_ (( """+''" - + (| - 1)C_). 

On the other hand, we have {Cp (E) C^^)\c = ^c^- So ^ (^Cp (E) K)|c is 
isomorphic to (g) K) |c ® . 

Thus, we may identify 0c_ (( "'"2+''" - 1)-^ + (| - 1)C_) as the sheaf of 
sections of \J (C® K) |c (8) N[J. This ends the proof of the proposition. □ 

Corollary 2 Let C\c he of degree a over the bundle C . Suppose that the 
fiber bundle C ^ B is the projectification of a complex rank two vector bundle 
U I— !■ -B, i.e. C = Pb(U), then the relative obstruction virtual bundle Vi^fe of 
the family switching formula can be identified with 

where £o|c is a complex line bundle pulled-back from the base B. 

Proof: The corollary is a consequence of proposition !2! proposition !3 and the 
projection formula of the Pb(U). When /c(ci(£) + (2p - 1)PD{C)) > 0, it 
suffices to prove that 

and when J^iciiC) + {2p - l)PD{C)) < 0, then 

rV,(v'>c®k|c®np) ^ s-'^+p"-i(u*)® Ta^. 

These identities follow from the projection formula (consult [Har], page 253, 
exercise 8.4. (a), (c) for the formula in the algebraic category) of the P^ bundle 
Pb(U). □ 
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By combining the discussions in subsection 13.11 13.21 we have derived the 
family switching formula of family Seiberg-Witten invariants in the topological 
category. 

3.3 A Brief Remark About the Family Switching Formula 
and Gromov-Taubes theory 

At the end of the section, we point out the hidden relationship between the 
obstruction virtual bundle Vi^^fc and the Gromov-Taubes theory. We restrict 
to the special case degc/s'P = degc / g ^/Cl^K\c < 0. 

Proposition 4 Let n : C t-^ B denote the projection map (or its restriction to 
certain subsets) of the fiber bundle which admits a cross section sq ■ B i—> C. 
Let k be a positive integer and let q = degc/gV < 0, then there exists a smooth 
complex line bundle Q on C pulled back from B such that the obstruction virtual 
bundle Vi^^fc can be alternatively represented in the K group K{B) as 

fc>i>l 

The symbol N^^ denotes the normal bundle of the cross section sc C C. 

Proof: Define A = — q • to be the non-reduced relative divisor in the relative 
P"'^ bundle. Then there is a short exact sequence relativizing the i— s- ^AxB{b} ^ 

^ Oc{-A) ^Oc^Oa^O- 

Because degc/B^ci^^) = q as well, the sheaf of fiberwise 9-holomorphic 
sections of 7^ = y/ C (E)c K|c is equivalent to C'c(— A) (g) Q for some C°° complex 
line bundle pulled back from B. 

By tensoring the short exact sequence with (g) Q, 1 < i < k, and then 
push forward along it : C i-^ B, the equality of the K group is a consequence of 
the equality 

7^°7^,(o_,.,,) = ®o<^<-g^l^fs7 = 8-^-^(05 eAA,-i) 

for the normal sheaf A/'s^, . □ 

Up to the factor Q which depends on C, the direct sum 

fc>i>i 

only depends on k and the local data on C t-^ B. At the end of the subsection, 
we make a few remark about its implicit link with Gromov-Taubes theory of 
pseudo-holomorphic curves. 
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(i) . The first term R^7r*(Nc) is nothing but the obstruction vector bundle of 
C ^ B embedded as a pseudo-holomorphic relative curve in a tubular neigh- 
borhood inside X ^ B. 

In fact, for all b E B, the P^, C {b} can be viewed as an exceptional 
curve with self-intersection number = —n. Then its obstruction vector space 
H^{C X Nc|cxb{6}) Gromov theory is nothing but the fiber of R^7r*(Nc) 
at 6 e B. 

(ii) . Assuming A' i? to be symplectic and FSWb{1, Ck) 7^ 0, Taubes' hard 
analysis on SW— > Gr [Tl] implies the existence of pseudo-holomorphic curves 
dual to c\{^C,k (S) 'VLxib)- 

When fc > 1, the multiple terms R^7r*(N^), \ < i < k reflect that in 
enumerating the family Seiberg-Witten invariant of £fe = £ -|- 2kPD{C), a k- 
multiple covering of C contributes to the family invariant. 

On the other hand, in Taubes' gluing argument "Gr-/^SW" from two dimen- 
sional vortices to solutions of Seiberg-Witten equations (see item 5. on page 
241 of [T2]), the index bundle of Af, {N = Nc\cxB{b},C = Cxb {b}), 

Af, : (Si<^<kN' ^ (®i<,<fciV* ® T°'iC 

with Aj(-) = d{-) + . . . equal to 3 up to a zeroth order term, can be identified 
(up to a homotopy of first order elliptic operators) with our ®i<i<feR^7r*(N^). 
This establishes an implicit link between two different gluing problems. 

(iii) . Even though in Gromov- Taubes theory Taubes did develop a concept 
of multiple coverings of exceptional curves. But it differs significantly from the 
usual Ruan-Tian theory [RT]. Suppose that C C M is a — n exceptional rational 
curve in a symplectic four-manifold and let Nc denote the complex normal 
bundle C C M. Then the obstruction vector space at [gk] for a A;-multiple 
covering pseudo-holomorphic map gffc : C is i?^(P^, 5^Nc) = H^iC, N^). 
This corresponds to the i = k term of the bimdle opZ?i,si<i<feR-'7r* (N^). 

In Taubes' setting, a /c-fold multiple covering of an exceptional curvs is better 
understood as a zero locus defined by fc-fold multiple of the zero locus defin- 
ing C C M, through the limiting process of large deformations of symplectic 
forms [Tl], [T2], [T3] and the identification of zero loci of Dirac spinors with 
pseudo-holomorphic curves. In the algebraic category, this can be thought as 
putting a non-reduced scheme structure on the corresponding algebraic curve. 
On the other hand, in the usual Gromov- Witten theory a fc-fold covering of an 
exceptional curve is viewed as a map which factors through the fc-fold covering 

of Pl Pl. 

The reader should be aware of the difference between these two theories and 
the corresponding differences on their dimension formulae. 
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4 The Algebraic Proof of the Family Switching 
Formula 



In section|31 we derived the family switching formula in the topological category. 
In this section, we derive the family switching formula of the algebraic family 
invariants AJ-SW. In the topological category, we have to assume that C y-^ B 
is a smooth bundle over B. In general, the family invariants in the smooth 
category are difhcult to determine directly. The usage of fiberwise long neck 
metrics allow us to study how do the invariants change under switching of 
fiberwise spiuc structures. On the other hand, the algebraic family Seiberg- 
Witten invariants can be read off from the topological datum of the algebraic 
Kuranishi models. This fact has two consequences, (1). One may derive the 
family switching formula based on the algebraic family Kuranishi models. (2). 
One may weaken the smoothness assumption on the relative curve C B. 

Let us begin by introducing our setup, and point out the difference from the 
case of smooth topology. 

Let TT : X 1-^ B he an algebraic fiber bundle over a smooth algebraic base B 
such that the fibers are smooth algebraic surfaces. 

Let C be an (1, 1) class of the total space X which restricts to the fiberwise 
(1, 1) class on the fibers. Let C C X he & relative curve over B satisfying the 
following conditions: 

(A) . The generic fibers of C B are smooth rational curves P^. 

(B) . The fiberwise self-intersection number tt, (C • C) € Atop{B) is negative, 
= —n, n € N. 

Recall the concept of formal excess base dimension, f ebd{C , X / B) , which 
is an algebraic numerical invariant assoicated to the class C and the family 
X i—f B^ giving the formal base dimension to be thickened. 

For the two different (1, 1) classes C and C+kPD{C), k e Z, their febd{C,X/B) 
may not be the same. 

By switching the roles of C and C + kPD{C), we may assume that fc > 0. 

We have the following proposition bounding febd{C, X/B), 

Proposition 5 Given two fiberwise (1, 1) classes C and C+kPD{C) with k > 0, 
we always have 

febd{C,X/B) < febd{C + kPD{C),X/B) 

Proof of the proposition: As in [Liu3], denote Tb{X) to he the relative Pic° 
variety oi tt : X i-^ B. Let £c denote the locally free sheaf over X Xb Tb{X) 
whose first Chern class is equal to the image of C £ H^{X, Z) under 

H\X, Z) ^ H^X XB Tb{X), Z). 
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Then the coherent sheaf TZ^tt^ i^c) determines an algebraic cone over Tb(A') 
and the projectified cone, denoted by Mc^ is the algebraic family moduli space 
associated to C. 

Let Dc be the universal effective curve over Mc poincare dual to C. 
Then we have the following short exact sequence, 

^ OxxsMa (Dc) ^ OxxnMc (Dc + kC) ^ OkCxsMc (Dc + kC) ^ 0. 

Push forward along ttmc • ^ y<B -Mc -Mc, and we have the following 
commutative diagram, 

1 ,1 

{Dc + kC) 



Recall that febd{C,X/B) is the rank of the maximal trivial invertible sub- 
sheaf of 7?.^(7rjVip)*C'A'XBXc annihilated by the sheaf morphism 

Ti^{'^Mc)*OxxBMc * Ti^{'^Mc)*^XxBMc{Dc), 

it is obvious from the commutative diagram that febd{C, X /B) < febd{C + 
kPD{C),X/B). □ 

Remark 2 From the surjective morphism 

'Ti^{T^Mc)*OxxBMc{Dc) ^ 'n^{T^Mc)*OxxBMc{Dc + kC) i-> 0, 

it is apparent that the support of the former coherent sheaf contains the 
support of the latter coherent sheaf as a subset. 

Let us state and prove the main theorem of this section, 
Recall the definitions as in [Liu3] that the fiber bundle vr : A" i-^ _B to be 
one-relatively good if there exists an effective relatively ample D C X i-^ B such 
that D 1^ B is oi relative dimension one. The fiber bundle tt : X B is said to 
be two-relatively good if there exists effective relative ample Di, D2 ^ B such 
that (i). Di 1-^ i? is of relative dimension one. (ii). Di n D2 1-^ i? is of relative 
dimension zero over B. The purpose of introducing such condition is to ensure 
the existence of algebraic family Kuranishi models. 

Theorem 3 Let n : X t-^ B be an algebraic fiber bundle of algebraic surfaces 
over a proper and smooth algebraic manifold B. Let C be a (1,1) class of X 
which restricts to (1, 1) classes of the fibers. 

Let C <Z X be a relative curve over B which satisfies condition (A) and (B) 
on page \21\ 
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Suppose the following conditions hold for C, C + kC, fc e N and X B, 
AF{i). + dimcB + febd{C, X/B) > 0. 

0. 

AF{iii). If the fiber geometric genus pg > 0, the formal excess dimensions of C 
andC + kPD{C) are equal. Namely, febd{C,X/B) = febd{C + kPD{C),X/B). 

IfPg = 0, the supports of the coherent sheaves 'R?"k^{£c) , T^T^*{£c+kPD{C)) 
coincide. 

AF(iv). Suppose febd{C.X/B) is equal to the m,aximum value, the geometric 
genus of the fibers n^^{b),b G B, then the fiber bundle tt : X i-^ B is one- 
relatively good. 

Otherwise, when febd{C,X/B) < pg{-K~^{b)),b € B, the fiber bundle n : 
X 1-^ B is required to be two-relatively good. 

Under these assumptions AF{i). — AF{iv)., the pure algebraic family invari- 
ants of C + kPD{C) and the mixed family invariant of C are related by the 
following formula, 

A:FSWx^B{l,C + kPD{C))= A:FSWx^B{ci{Vi^k),C), 

0<i<(X) 

where the relative obstruction virtual sheaf V\^k can be identified with the 
virtual sheaf 

n^TT^OkciDc + kC) - n°-K^Okc{Dc + kC). 

Proof: As in [Liu3], we consider £c to be the locally free sheaf over Xb x b'^b{X) 
(under the convention that Tb{X) ~ B \i q{TT^^{b)) ^ 0,q E B) with first 
Chern class equal to the image of C G H^{X, Z) under H^{X, Z) H^{X x b 
Tb{X),Z). Suppose that 7?.°7r*(£c') is the zero sheaf over Tc{X), then C is 
not represented as an effective curve within the algebraic family X i-^ B. If 
TZ^TT^c[£c+kPD{C)) is the zero sheaf as well, then it is easy to see that the alge- 
braic mixed invariants TASWx^b{v, C) = 0, TASWx^siv, C + kPD{C)) = 
0, for all 7] G A.{B). Under this assmnption, the family switching formula be- 
comes a trivial identity. Thus, one may assume T^.'^tt* {£c+kPD{C)) is non-trivial. 

In the following we assume A4c+kPD{C): the projectified cone formed by 
'R-^'^*{Sc+kPD(c)) to be non-empty. According to the discussion in [LiuS], one 
may separate into three cases, 

(i). Either pg(7r~^(6)) = 0,6 G B and Ti-^ {TT)*{£c+kPD{C)) supports over a 
Zariski closed Z c Tb{X), Z ^ Then there exists an algebraic family Kur- 
nanishi model of C -I- kPD{C) over the Zariski open set U = Z", (V, W, $vw)) 
V, yy locally free over U, 
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a sheaf morphism with 

Ker{^vw) = T^" {'^)*{£c+kPD{C))\u and Coker{^vw) = T^^{T^)*{£c+kPD{C))\u- 

(ii) . Oy pg{n~^{b)) > Q,b £ B and 'R-^{n)i,(£c+kPD(e)) vanishes. Then 
there exists an algebraic family Kuranshi model (V,W,$vw) over Tb{X), V, 
W locally free and the sheaf morphism $vw • V i— > W. 

(iii) . Or pg{Tr~^{b)) > O.b £ B, and the coherent sheaf Tl'^{'n')*{£c+kPD{C)) 
is non-vanishing. In such situation, there exists an algebraic family Kuranishi 
model (V,VV,$vw), with algebraic locally free V,W over Tb{X). The locally 
free W is constructed by a pair of locally free V, W. 

For the details, please consult [Liu3] section 3. 



Proposition 6 LetC be a (1, 1) class ofir-.Xh^B which restricts to fiberwise 

(1,1) class. In the case (i) above, let U C Tb{X) be the Zariski open set which 
is the complement of the support o/ 7?.^7r* c) • Otherwise, take U = Tb{X). 
Then the pure algebraic family Seiberg-Witten invariant AJ^SWx<-^b{^,C) is 

equal to CdimcB+q{y^ ~ V) G Ao{U). Likewise, the mixed family invariant 

can be identified with rj n CfH^^B+q—deg(ri) 

(W - 

V) e Ao{U). 



Proof: As in [LiuS], we follow the convention that the bold characters V, W 
denote the algebraic vector bundle associated with the locally free sheaves V, 
W, etc. Recall that the family invariant TASWx^b{'^,Q) is defined to be 



in both the (i) and (ii) cases, with U = Z = supp{Ti?{'K)t:{£c+kPD(C)))^ 
Pg = Pg{7r~^{b)) = 0,b G B in the case (i), U = Tb{X) in the case {ii). 

In case {iii), the algebraic family Seiberg-Witten invariant is defined to be 



J'ASWx/Bil.C) =cf °'^'""'"'+*"°''+^'''^-'''/''^(H)nc™„fe^w(H^7r;^^^^^(v)W) e A(Pr,(^)(V)). 
In this case, we may take U = Tb{X). 

Recall from [F] page 71 chap. 4 that for a cone Cx over a scheme X, 
q : P(Cx © 1) i-> X denotes the projection map, then the Segre class of Cx is 
defined by (Z*(Ei>o ci{0{l))' n P{Cx © 1)) e A,{X). 

Applying to our situation, we take Cx to be the vector bundle cone formed 
by V and take q — ttp^(^v) ■ Ptb(A')(V) i— > U. We also have Ci(£>(l)) = Ci(H). 

By using the top Chern class identity 

Ctop(H O q*W) = ^ ci(H)^' n c™„fecW-j(9*W) 

3>0 
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Then in case (i) and (ii), we have AJ^SWx/b{^,C) = 



q,(ci(H)^ "^ t'-^/^'+dimcB+p, ^ c™„fe^w(H ® q*W) n [Pc/(V)]) e Ao{U) 



= ^q.(ci(H) ' " t""^"' +'^i"^oB+P. nci(H)^ n Wfc^w(g*W)n [Pc/(V)]) 

j>0 



^ q.(ci(H)'=n[P^(V)])nc c^-c-.,(K,,,) (W) 

fc> ^ ^ \-dimcB-\-Pg 



y. S;(V)nc C2-C-ci(K;^. ,g) 

ranfccWH ^; ^ \-dimcB+p„ — l—rankcV+i 

l> ^ hrf^n^c-B+pg— ranfecV+1 



By using the identity 



+ Pg — q + 1 = ranked — ranked, 



2 

we may simpUfy the above summation into 



l>dimcB+q— ranked m<rankcW 

= CdimcB+q(yV - V) = Cdi^aB+q{W - V) e AoiU). 

Likewise, the enumeration of the mixed invariant A!FSWx^~*B{'>l^S.) is al- 
most identical. The insertion of r] effectively drops dimcB to dimcB — deg{r]) 
and the answer becomes rj fl CdiyncB+q-deg(7]){y^ — V) € Aq{U). 

This finishes the proof of the (i). and (ii). cases. 

For (iii)., the calculation of the pure invariant or the 77 inserted mixed in- 
variant is almost identical. The major difference is that we replace Pg by the 
formal excess base dimension febd{C, X / B) and we use the identity 

= ~ ' ' + fehdiC, X/B) - g + 1 = rankcV - rankcW 

in reducing the intersection number. □ 

Consider the invcrtiblc sheaves Sc^ ^c+kPD{C) with first Chcrn class C, 
C + kPD(C). By tensoring £c+kPD{e) to the short exact sequence 
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^ OxxBTB(X){-kC) ^ OxxbTb{X) ^ OkCXBTsiX) ^ 0, 

one gets the following short exact sequence 

f C £c+kPD{C) OkCxsTBiX) ^C+kPD{C) ^ 0. 

By taking the dircc images along tt : X Tb{X) Tb{X), one gets the 
following identities in the Kq group of coherent sheaves on Tb{X), 

['n:*{£c+kPD(c))] = k*(^c)] + ['^*{OkCxBrB(x) ® ^c+fePD(C))]> 
where tt* {£c) denotes 

0<i<2 

etc. 

Proposition 7 LetC_ be afiberwise monodromy invariant (1, 1) class of X ^ B 
and let (V, W,$vw) be an algebraic family Kuranishi model of Mc over a 
Zariski open set U C Tb{X), then there exists an equality in the K group of 
coherent sheaves on U when Pg = or TZ^n^ (f c) = 0, 

[V- W] - [7t4£c)\u]. 

There exists an equality in the reduced K group of coherent sheaves on U 
when Pg > and 7?.^7r* (fc) ^ 0, 

[V-W] = [tt. (Sc) \u] - [n\. (OxxBTBix)) \u]. 

Proof of the proposition: We discuss the (i)., (ii). cases first. Recall that the 
open set U C Tb{X) is defined to be the complement of the support of the 
coherent sheaf 7?.^7r« (Sg) , then tt* is reduced to 

On the other hand, for both (i). and (ii)., we have 

TeV* (%) luV^w^ {£c)\u ^ 0, 

by the defining property of the algebraic family Kuranishi model, then we 
have the identity 

[V-W] = [7r,(%)|c], 

in the Ko{U). 

For the case when 7?.^7r* (Sg) 7^ and > 0, we have the following equalities 

instead. 
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[V] + [V]-[W] = [7r,{£c)]. 
[V- W] = [V + V] - [W] - [T]. 

where [J^] = p7r* (Ca-xbTbCa-))] - [CrsTif^'^^'^']- Fo^' details, please 
consult [Liu3], section 4. 

Then up to the trivial factor [C^^''^'^^''^^^^], we have the following equahty 

in the reduced K group of Tb{X). This ends the proof of proposition [7| □ 

Apply the propositionEland propositionQto C_ = C + kPD{C), we find that 
AJ^SWx^Bih C + kPD{C)) is equal to 

= Cq+dimcB{['n:*{£c+kPD(C))] - \Ti''^T^*{Ox-><BrB{x))]) 

when febd{C + kPD{C),X/B) < pg. 

The above chern class can be re-written as 

{[t^*{£c)] + (OfeCxsA- X £c+kPD{C))] ~ ['^^'^*{^XxbTb{X))]) 

^C,,([7r,(OfeCXBA' X £c+kPD{C))]) <^ CdimcB+q-r{[^*{£c)\u] - [T^'^T^*{C>X XbTb{X))]) ■ 
r>0 

According to the assumption AF{iii)., we know that < febd{C,X/B) = 
febd{C + kPD{C),X /B) < pg, then apply proposition and proposition [7| to 
C_ = C, we find that for 77,. = Cr([7r» (O/cCxbA' x £c+kPD{c))])^ the expression 

Cr([7r, (OfcCxBA- X £c+kPD{C))]) <^ Cdi7ncB+q-r{[T^*{£c)] ~ [T^'^''^*{Ox x bTb{X))]) 

is nothing but the mixed invariant AJ-^SWx^BiVnC). By combining all 
the identities, we get 

ATSWx^Bil.C + kPD{C))^J2^^^^X--BiCri[7r,{OkCXBX^£c+kPD{C))]),C). 

r>0 

This proves the family switching formula when < febd{C + kPD{C)) < Pg. 

On the other hand, when febd{C+kPD{C), X/B) = pg, either 7?,^7r» {£c+kPD{C)) — 
Ooin^7r,{OxxBTB{X)) = and^ = 0. Whcnpg - 0, either TZ^ it, {£c+kPD{C}) = 

or the algebraic Kuranishi model of C+kPD{C) is built above the complement 
of the coherent sheaf TZ'^nt:(^£c+kPD{C)) = 0. 

In all these cases, ATSWx^Bi^, C + kPD{C)) has the following schematic 
form. 
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= Cq-^dimcB{['^* {^C+kPD{C))\u]) 

s([7r*(fc)|!7] + [7r*(OfeCxBAr x Ec+kPD{c))\u]) 

= '^Cr{[TTt:(OkCxBX X £c+kPD(C))\u]) H {[M£c)\u]), 
r>0 

When pg > 0, U is taken to be the whole space Tb{X). When pg = 0, U 
is taken to be the complement of the support of the sheaf TZ'^w^, {£c+kPD{C)) in 

By the assumption AF{iii). that febd{C, X/B) = febd{C+kPD{C), X/B) = 
> or the support of 7?.^7r*(£c') = W C Tb{X), the above summation can 
be recasted into 

= Y,^S^X-^B{Cr{W{OkC>,BX X £c+kPD(C))]),C). 

r>0 

This finishes the proof of the theorem. □ 

Remark 3 The condition AF{iii) has no counterpart in the C°° proof of the 
family switching formula. The condition on the formal excess base dimension 
when Pg > is needed as A!FSW differ from the usual FSW for families of 
Pg > algebraic surfaces. The condition on the supports of 7i?iTi, {£) is needed 
when the relative curve C ^ B has singular fibers. When C ^ B is smooth 
(as was assumed in the C°° version of family switching formula), one can show 
that the supports of TiPTT^iSc+kPOiC)) of TZ^tt*(£c) do not overlap. By 
shrinking the open set U to avoid the support of TZ^n^, {£c) ? one may prove the 
family switching formula in the case pg — 0, TZ^TT*{£c) ^ 0, without assuming 
the supports of 'R? -Kit {£c) and'R?'Kt,{£c+kPD(C)) coincide. 

In the statement of the family switching formula of algebraic family Seiberg- 
Witten invariants, the various Chern classes of the relative obstruction virtual 
sheaf ■n*{OkCxBrB(x) O £c+kPD(C)) 

= 'R-°TT*{OkCxBTB{X) ® £c+kPD{C)) ~ T^^^fiC'kCXBTBiX) ® £c+kPD{C)) 

relates the algebraic family invariants. When the relative curve C B is 
not smooth, neither of 7?.*7r* {Okcx bTb{x) £c+kPD{e)) ^ i = 1,2 are locally free 
and the ranks T^V, {OkcxBTB(x) ® £c+kPD{C)) ® k{b) jump as h range through 
the singular values of the map C ^ B. 

At the end of the section, we discuss its relationship with the relative ob- 
struction bundle appearing in the C°° version of the family switching formula. 

Consider the short exact sequences 
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1-^ 0(„_i)c(-C) (81 Sc+nPD{C) 0„c ® £c+nPD{C) ^ Oc ® £c+nPD(C) ^ 

for n = 2, • • • , fc. which comes from tensoring £c+nPD{c) to 

Ob{-A) ^ Oaub ^Oa>^0 
with A = C, B = {n — 1)C being the relative divisors in tt : X ^ B. 

Proposition 8 In the K group of coherent sheaves on B, there is an equality 

[TT*{OkcxBTB{x)<»Sc+kPD(c))]= X! [7r*(Cc(pC) (K)fc)]• 
l<p<fc 
Proof of the proposition: For fc = 1, the formula is an identity once we realize 

^C+PDiC) = 

Assume that by induction hypothesis the equality has been proved for fc — 1, 
namely, 

[TT*{0(^k-i)cxBTB{x)'»£c+{k-i)PD{c))]^ [n^{Oc{pC) <S) £c)]- 

l<p<k~l 

By using the above short exact sequences and £c+pPD(C) = ® C>{pC), we 

get 

[TT*{OkCXBTB{X)<^£c+kPD{C))] = ['^*{0(k-l)CXBTB{X)<^£c+{k-l)PD{C))] + ['^*{OcxBTB{X){kC)(E)Sc)] 

= J2 [^*{Oc{pC)<i^£c)] + [n*{OcxBrB{x)ikC)®£c)] 
i<p<fe-i 

= [TT.{OcipC) ® £c)]- 

l<p<k 

□ 

Because equivalent elements in the K group have identical Total Chern 
classes, we may use X]i<p<fc-i I""* (^c(pC) ® £c)] in the family switching for- 
mula. 

If C 1-^ B is smooth, then 7r,(Oc(pC) (g) £c) is equal to 7^°7^» (Oc(pC) «) £c) 
if J^{C+pPD{C) > 0; it is equal to if J^{C+pPD{C) = -1; it is equal to 

-n^Tr,{Oc{pC)(g)£c) if JciC+pPD{C)) < -1. 
Then under the identifications: 

Oc{C)^Afc 

each term 7r*(C'c(pC) (g) £c) is identified with the locally free sheaf Vp as- 
soicated to the relative obstruction sheaf (see prop. 
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5 The Switching of the Canonical Obstruction 
Bundles 



As in the previous seetion let X i-^ B he an algebraic fiber bundle and let 
A'DCi-^'-BbeanP^ fibration with negative fiberwise self-intersection number 

The algebraic construction of the family switching formula suggests that 
when the (1, 1) classes C and C+kPD{C) differ by the fc-multiple of the Poincare 
dual class, the algebraic family Seiberg-Witten invariants of C and C + kPD{C) 
are related to each other through the topological data determined by C, the 
multiplicity k and C. 

In fact, this is one of the key observations used in the proof of the Gottsche- 
Yau-Zaslow conjecture [Liul]. 

In this section, we construct the switching long exact sequence for the alge- 
braic canonical obstruction bundles of the universal families. 

Let M be an algebraic surface over C. Let M„ denote the n— th univer- 
sal space constructed in [V],[Liul]. Let F be an n-vertexes admissible graph. 
Following the notation of [Liul], let Y{T) = Up/^p^l^'U^ denote the clo- 
sure of the locally closed subset Yp C M„ called the admissible strata. Then 
B = Y(r) C M„ is the base space of the fiber bundle tt = fn\Y{T) '■ Y{T) Xm„ 
M„+i ^ Y{T). 

As a fiber product of M„+i i-^ M„ and Y{T) C M„, the space Y{T) Xm„ 
Mn+i can be constructed from Y{T) x M by blowing up n consecutive times. 
Let Ei, I < i < n denote the i~th exceptional divisor of the blowing ups. Then 
Ei induces a unique cohomology class in H^'^{Y{T) Xm„ Afn+i,Z). On the 
other hand, any given C G H^'^{M, Z) also induces a class in H^'^(Y{r) Xm„ 
M„+i, Z). We slightly abuse the notation and denote them by the same symbols 
Ei, 1 < i < n and C. 

Consider a topological type of algebraic curve singularity, let to^ €E N be the 
multiplicities of the minimal resolution of the curve singularities. 

Consider C_ = C — X^i<i<„ TTiiEi, also denoted as C — 'M.{E)E, following the 
convention in [Liul] . 

Over the generic strata Yp of the smooth space Y{T), there are a finite 
number of irreducible smooth type / exceptional curvets in the fibers of Yr x m„ 
Mn+i Yy whose cohomology classes arc the combinations of the various Ei, 
Bi = Ei — Ej ; where in the summation the j — th vertexes run through all 
the direct descendents of the i — th vertex in the graph T. All such generate 
a simplicial cone in H^'^{Y{T) Xm„ Mn+i, Z). 

According to the general curve enumeration scheme in section 3 of [Liu4], 
there are a finite number of type / exceptional classes . = ^ Ek^ — Ej^. , 
1 < i < p, characterized by the property that (C — 'M.{E)E) • Cfe. < if and only 
if 1 < i < p. Such Bki, for 1 < i < p, generate a sub-simplicial cone, called the 
type / exceptional cone oi C_ = C — yi{E)E over Ir- 
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The complex codimension of F(r) C Af„ is equal to — X)i<i<n ~ — ^' 2 "^^ — ~^ 

which is also equal to the number of edges of the admissible graph T . 

Each efc; is represented by holomorphic curves above Y{T) and it corresponds 
to a fibration (may contain singular fibers) 1-^ B such that 

(i) . The generic fibers of Sfc. ^ B are smooth P^. 

(ii) . The fiberwise self intersection number of S/j. is equal to Cfc. • Cfc. < 0. 

Therefore, each of the curve fibrations , 1 < i < p are qualified to be the 
C in the discussion of the algebraic family Seiberg-Witten switching formula in 
section 0] 

The family switching formula concludes that the family invariants of C = 
C — M.{E)E and of C — efe^ , C_- - e^^, • • •, or (l~J2i<i<p ^fci related to 
each other through the insertion of Chern classes of certain relative obstruction 
bundles. 

In the following, we assume additionally that the class C is raised to a higher 
multiple such that deg^^^ (C — ci(Km)) > 0. As a consequence of Serre duahty, 
the sheaf 7^27r*(£c•) 0. 

Lemma 5 Let X = Y{T) x m,, Y{r) = B be the algebraic fiber bundle. 

Suppose that 

d(i9i^x/B (C - ci{Kx/b)) > 0, 
then T^'^'^*{£c--ME(E)-J2^^-^ e^J " ^' '^'^'^*{^c-m(e)e) = 0. 

Proof of lemma El Both C - M{E)E and C - ME{E) - Ei<j<pefc, can be 
schematically written as C + J2i<i<n ^i-^i some tuples of di G Z. 

If either of the sheaves ^^tt* (^c'-ivibcb)-^ ^ ^ et-)' ^^t^* (^c-m(£;)£;) is 
not zero, then there exists a 6 e T(M)xB such that the base change 7?.^7r^ {^c+Y^ cI e )^ 

l<i<n ^ ^ 

k{b) is nonzero. Then by base change theorem [Ha], the second sheaf co- 
homology {Xb , S d _e W nonzero. By Serre duality, it implies that 
ICxb ® J El ^ non-trivial holomorphic section over Xh. 

Thus by adjunction formula of the canonical class, the class Ci(Km) + 
J2i<i<ni^ — di)Ei — C is represented by a holomorphic curve in X^. 

Let lvq be an ample polarization on M . Because the smooth fiber algebraic 
surface Xi, is blown up from (M, wq) by n-consecutive blowing-ups (with the 
blowing up centers determined by the image of b in Af„), the polarization class 
on Xi, can be chosen to be ljq — J2i<i<n ^i^i ^'^''^ some sequence of sufficiently 
(and arbitrarily) small e^, 1 < i < n, < 1— *■ 0. 

Then the degree of the effective class ci{Km) + X]i<j:<ri(l ~ di)Ei — C, 

{coo- ^^E^)■icl{KM)+ J] {l-d^)E,-C) = {c,iKM)-C)-u;o+ ^^{d^-l) > 0. 

l<.i<.n l<i<n l<z<n 
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However this implies that deguj„{ci{'KM) — C) > '«™X]i<i<n ^ii^i ^ 1) = 
when we take Cj i-+ 0. Contradicting to the assumption deguig{ci{'KM) ~ C) = 
-deg^^iC - ciiKM)) < 0. □ 

In the long paper [Liul], the relationship among the family invariants was 
read off by using the long exact sequence 

Q'-^'^°T7*{£c-M.(E)E-J2eki) ^°^* (^C-M(£;)£;) ^°^* (^^^^^ Hfe. ^C--M{E)e) 

Following the discussion in section 5.1 of [Liu3], canonical algebraic family 

Kuranishi models {Vcanon, Wca„on, $V,„„„„W,„„„„) and iY°anon^ W°„„o„, *v°„„„„w°<.„„„) 

can be constructed for C — M.{E)E and C — M.{E)E — J2i<i<p ^kt, respectively. 

The following lemma characterizes the 'Vcanom ^ canon both C -M{E)E 
andC-M(i;)i;-Ei<pefe,. 

Lemma 6 Let C be a (1, 1) class on M such that £c-ci(Km) ample on M. 
Let (V 

canons canons ^'V canon'^ canon) and canons canons ^'^canon'^ canon) 

denote the canonical algebraic family Kuranishi models of C_ = C — 'M.{E)E 
and C = C — M.{E)E — X^,<p Ck, ■ Then Vcanon = ^ canon '^'^^ if^^ bundle 
Vconon on T{M) X M„ is the pullback from an algebraic vector bundle over 

T{M) of rank= — — _ gr(M) + pg + 1 by the projection map 
T{M) xMn^ T{M). 

Proof of the Icnmia: Assmning that £c-ci(k.m) ample on M, then by Kodaira 
vanishing theorem the higher derived image sheaves of fc-ci(KM) ® — 
along the projection map itt{M) '■ M x T{M) T{M) vanish. 

Thus, 7^° (7rT(M) )* {Sc) is locally free of rank _ g(M) +Pg{M) + 

1. (the rank is determined by surface Riemann Roch formula) 

On the other hand, in the definition 5.3 of [Liu3], both of the bundles y^canoni 
'^canon ^rc defined to be the algebraic bundles associated to the locally free sheaf 
7^"7^* {£c) , where the sheaf Sc is pulled back from M x T(M) to M„+i x T(M) 
through the composition map 

Mn+i X r(M) ^ MnX M X T{M) ^ M X T{M). 
Therefore there is a commutative diagram 

M„+i X T(M) — > M X T{M) 

1 1 

M„ X T{M) — > T{M) 
Thus, n'^n*{£c) is pulled back from T{M). □ 
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The coherent sheaves T^°''^*{£c-'M{e)e-J2 ) ^^'^ '^°7r* (fc;_]v[(E)E) de- 
termine algebraic cones in the total space of Vcanon = Vcanon and their projec- 
tifications are the algebraic family moduli spaces ■A^(7_m(£))£;-^ e^. ^ ^ 
T{M), Mc--M{E)E^ Mr,xT{M). 

According to the general construction of algebraic family Kuranishi mod- 
els, A^C-M(E)E-^,efc,' ■Mc-MiE)E are sub-schemes of P M^xTiM)^^ canon) 

which are the zero loci of the canonical sections of the obstruction bundles 
H O 7rp(v,^„„„)W°„„o„ and H O tt* (v,„„„„)Wcanon • 

Let C = C - M{E)E. Suppose that $v,„„o„Wco„o,. ■ '^canon ^ ^canon 
denote the canonical algebraic Kuranishi map, then the canonical section of 
H (g) Wcanon on P M^xT{M){Vcanon), Scanon, IS iuduced by the bundle map 
^v^„„<,„We„„<,„ as the following. Each ray in Vcanon determines a unique image 
ray in Wcanon through 4'Vc„„„„Wc<.„<,„ 

and induces a map 

^ * '''P(Vc„„<,„)~^caraora) 

or equivalently a map 



HOM(C, (H*)* (g) 7r;(v„„„„)W canon) — H ^P(Vca„o„)^^canon- 
This map can be viewed as the canonical section Scanon 

ofH® 

""P ( Vconon ) canon 

defining the algebraic family moduli space Mc_ as a sub-scheme in P (Vcanon)- 

The discussion for C = C-M{E)E~J2t ^fe, and $v°„^„„w°„^„„ : V°„„„„ ^ 
W°„„o„ is parallel and the corresponding canonical section is denoted by s^g^^^^. 

When wc restrict to the subspace Y{r) C M„ of the universal space, the 

classes e^^, e^^ • {C —M.{E)E) < 0, 1 < i < p become effective exceptional curve 

classes. We would like to compare the canonical algebraic obstruction bundles 

W and W° 

canon ciiiu ♦'canon' 

The main conclusion of the section is the following proposition, 



Proposition 9 iei (V°a„on-Wcanon>^V°„„„„W°„„„„) arirf (Vcanon, Wcanon, ^Vcanon W 

denote the sheaf theoretic version of algebraic canonical family Kuranishi models 
ofC- M{E)E - J2i<i<p e/c. and C - M{E)E, respectively. 

While restricting to the smooth subspace Y{T) x T(M) c M„ x T{M), there 
is a commutative diagram of sheaf morphisms between the two algebraic family 
Kuranishi models. 
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V, 



V, 



canon\Yir)xT{M) 
'canon|y(r)xT(M) 





-ME{E) -M_E(_E) 



canonll'(r)xT(M) 



canon\Y(r)xT{M) 



1 



C-M(B)£; 



C-'M{E)E) 



C-M£;(_E) 



Proof of the proposition: The isomorphism of V°a„o„ and Vcanon has been ad- 
dressed in lemma El The rows are portions of the four term exact sequences 
characterizing the algebraic family Kuranishi model maps. The last (third) 
column is a portion of the long exact sequence induced from the short exact 
sequence 



^ ^C-m{E)E-Y,ek^ 



^C-m(E)E 



O 



C-m{E)E 



0, 



as was mentioned earlier. 

The second column in the commutative diagram is a four term exact se- 
quence on yV°a„o„ and W canon- By [Liu3], W°<j„on and W canon are by definition 
7?.°7r*(0^ ® £c) and 7?.°7r*(0^ ^^^^ (g) fc) , respectively. 

We start from the following exact sequence 



niiEi 



of divisors on A/„+i x m„ YiX) ^ T{M) and tensor it by fc- By using 
£c'90{— E "iTT-iEi) = fc-M(E)E) we take its derived image long exact sequence. 

Because 7?.^7r*(C^ miEi+J2 ® ^c) — 0, the long exact sequence 

is truncated into a four-term exact sequence. The commutativity of the dia- 
gram follows from the naturality of all the sheaf morphisms involved and the 
compatibilities of the connecting homomorphisms. □ 



Proposition 10 Let H denote the (restriction of the) hyperplane bundle of 

P(y canon). Let S°,„„„ G r(P ( V°„„„J , H ® TT* .W°,, 



r(P(v 

canon 

■^C--M{E)E-Y^ek^' -^C-M(i5)£;- 

Then the bundle map 



and 



denote the the canonical sections defining 



H(g) 7rp(vo^^^^)W°^„„„|y(r)xT(M) 



H (g) TT 



P(Ve„„ 



canon\Y{r)xT{M) 
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induced by the bundle map 

'^canon\Y(r)xT{M) cano7i\Y {r)xT(M) 

(introduced in the proof of prop. 0) maps s°a„o„ to Scanon- 

Proof of the proposition: The commutativity of the diagram in prop. Elimphes 
the following commuative square on the corresponding algebraic vector bundles, 

V°anonly(r)xT(A/) <=«"£ZL^ <=»"™ ^canon\Y(r)xT(M) 

" .V w ^ 

Vcanon|y(r)xT(A/) ca„o„ W canonlv (F) xT{M) 

Then it implies the following commuative squares of bundle maps, 

H* > ''■p(v°^„„„)~^canon|y(r)xT(M) 



H* 



7''p(V^„„„„)^canon |y(r) xT(M) 



From this commutative square one derives the conclusion of the proposition 
immediately. □ 

If 7^°7^,(0^ 2^ (g) £c-m{e)e) is the zero sheaf over Y{T) x T{M), then 
TZ^7r^{Oj2^^) is locally free and W°„„o„|y(r)xT(M) '-^ Wcanon|y(r)xT(Af) wiU 
be injective. 

In this case the zero loci of s°anonlr(r)xT(Af), -^c-m(£;)£;-^. e,, Y{r), 
and of Scanon\Y{r)xT(M)i Mc-M{E)E X M„ ^^(r), Coincide as subschemes of 

In general the kernel sheaf 7^°7r*(C'^ ~^ (g £c-'M{e)e) may be non-zero. 
To analyze the difference of -^c-m(£;)b-^ ^ m„ Y{T) and A1c-m(£;)b x m„ 
y(r), one factorizes the map 

rniE,+T Hfc ^'^C') ^ ^canon\Yir)xT{M) ^ Wcanon | y (r) xT(A-/) = 7^°7r* (Oy- m.B.^^c) 

into a sequence of sheaf morphisms, 

imitating the switching process C — M.{E)E C — M(i?)i? — efe^ i— > . . . 
C — M(i?)i? — X]i<p 6fci on the cohomology classes. 

The kernel of each of the above morphisms is isomorphic to TZ'^tt^, (Oh^, (8) 

^C-mE)E-j:,,^^^_^_,eJ^O<r<p-l. 
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Lemma 7 ForO <r< p—1, the sheaf TZ^tt^ (^0^2" '^^c-m(b)£;-^ ) 

fits into the following exact sequence, 

And for each rSZ, 0<r<p— 1, there exists an equality in the K group 
of coherent sheaves on Y{T) x T[M), 

(A sketch of) the Proof: The proof of the lemma foUows from taking the derived 
long exact sequence of the short exact sequence, 

We omit the details. □ 

The rational curve fibrations dual to e^. , S^^, 1 < i < r form fibrations 
on Y{T). Over the open strata Yy C Y{T) all the fibers of these are smooth 
and irreducible. When the point specializes to be in Y(r) — Yr, the fibers of 
some of the may break up into more than one irreducible component and 
different components smooth normal crossing P^. 

The following proposition constraints the support of the kernel sheaf 7?."7r, (Oy^ - ® 

— ]VI(£')£') cano7i 

Proposition 11 Let Zk^ C ^(r) — Yr C Af„ he the closed subset consisting of 
the singular values of i— > Y{T) ( equivalently, the set over which the fibers 
ofEki fail to be irreducible). Then the support of the sheaf TiPir^iO^ ® 

^C~'M{E)e) contained in the subset (Ui<i<pZi;. ) x T{M). 

Proof of the proposition: By using lemma[7|and by using induction, the support 
of 7?.°7r:» (O^ (X) fc'_M(£;)£;), is contained in the union of the supports 

Ul<,<psupp(7^°7^,(0s,^ ®£c-m(E)E-y e,.))- 

It suffices to show that the support of 7?.°7r, (Ohj^. (8)£p_j^.^,^ Y^ e ) 

X T{M) and we argue by contradiction. 
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If not, there exists at least an i with I < i < p and a. t ^ Zk^ x T{M) 
such that after a base change to t the sheaf cohomology |f , 0^^, (X) 

Because each pair of distinct 1 < a, 6 < p, \yj. , S^j, | co-exist as P"'^ fiber 
bundles over Fr, then for all t e Yr, 

efc„ • efc, = PD{-~k^ It) • It) > 0, a 7^ 6. 

But this implies that for S^. |t = P^, 

0<de5piOpi®£p_j^(^)^_^ = efc, • (C - M(£;)£; - ^ e^J 

^ ^ i<j<i-i 

= efc, • {C - M(£;)£;) - efe, • ( ^ e^J < e^, • (C - m{E)E) < 0. 

j<i-i 

Contradiction! □ 

The proposition singles out the geometric obstruction for s°q„q„ and Scanon 
to define the same zero locus over y(r)xr(M), i.e. M^c-m(E)E-^ \Y{r)xT{M) 

■^c-M(£;)B|y(r)xr(M)7 to the possibility that the the fibers of S^^, 1 < i < p 
can break into more than one irreducible component. This is exactly when 
the so-called higher level admissible decompositions pop up within the family 

X = M„+i XM,. Y{T) ^ r(r) = B. 

When this happens, the restriction of the algebraic family Kuranishi model of 
C-MiE)E-j:^^^ek„ (V°,„o„,W°.„o„,<&vo_„wo_J, to r(r') x T(Af) (T' < 
r) is not an accurate approximation of the original algebraic family Kuranishi 
model {Vcanon, yVcanon, ^Vca„„„>Vcano„ ) ^-^^y niorc and we have to choose a better 
approximation over Yp' x T{M), T' < T, through replacing each e^;, 1 < i < p 
by the effective type / exceptional classes e'j, , e'^,, • (C — 'M.{E)E) < 0, 1 < j < p' 
irreducible on Yp'. (Consult the definition of > on page l54|l . 

Over Y{T) the exceptional classes efc. , 1 < i < p are all effective. Then we 
may adjoin any effective curve dual to the class C — M.{E)E — J2i<i<p with 
the union of type / exceptional curves dual to X]i<i<p ^fci ^o produce a curve 
dual to C — 'M.{E)E. This induces an inclusion 

^c-m{E)E-Y^^_,._^^ek^ |y(r)xT(A/) C Alc-M(£;)£;|y(r)xT(M)- 

The following proposition characterizes the difference of ]y[(-^j^_^ 
and Mc-'!\Ji(E)E in terms of the intersection of s°a„o„ with the algebraic cone 
associated with T^'^vr, (O^ ® £c~m(E)E)- 

Proposition 12 Let Ti denote the invertible sheaf associated with the hyper- 
plane line bundle on the prjectification o/V°„„on = ^canon, 'PY(r)xT(M)(^ canon) ^ 
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Then the locally free sheaf H®TT^(yo )Wconon determines a vector bundle cone 

OVer'PY(T)xT(M)iy°canon)> t^C total Space 0/H(g)7r*(vo^^^^)W°„„o„|r(r)xT(M)- 

The sheaf injection 

y(r)xT(M) 

determines an algebraic subcone Cp 0/ H (g) 'n^fyo )^canon\Y(T)xT{M) 
over Py(r)xT(M)(V 

canon ) ' 

T/ie section s°jj„q„ determines a smooth sub-scheme , denoted by the bold 
character s°^,^^^, m the total space o/H®7r;,^^^^^^^^^(^„^^^^^jW°„„„„|y(r)xT(M) 
isomorphic to the base space Pr(r)xT(M)(V°„„o„) through the projection map 
'^^ianor. • H0 7rp(vo^^^^)W°„„o„|i-(r)xT(M) Pr(r) xT(M) (V°o„o„) . 

The restriction of the algebraic family moduli space of C ~'M.{E)E to Y{T) x 

canon (^) ^ "^Y (T)xT{M) (V canon 

), can be iden- 
tified with the image C PY(r)xT(M)(y canon) = 'PY(r)xT(M){^ canon) of the 
scheme theoretical intersection s° „o„nCp under the projection tthott* w° 

Proof of the proposition: To simplify our notations, we will drop the snb- 
script y(r) X T{M) and denote Py(r)xT(Af)(V°„„o„) = Py(r) xT(M)(Vcanon) 
by P(V° ) 

V canon J 

Let us recall some basic facts about the construction of algebraic cones. By 
[F] B.5.5. page 434, the algebraic vector bundle cone determined by a locally 
free sheaf I? over a scheme X is Spec{Sym{V*)), where V* HOMox (^^ C'x)- 

Moreover, for a coherent sheaf TZ over a scheme X, one may construct an 
algebraic cone over X by the recipe C{TZ) = Spec{S*{TZ)), where S* = Sym{TZ) 
is the sheaf of graded Ox algebra generated by = 7?. (of grade one). 

In the current context, we take X = Py(r)xT(M)(V°jj„Q„). Take V to be 
the image of the sheaf morphism g : H® TTp^-^o )y^canon\Y(T)xY(T) ^ Ti.® 
^p(v° )Wcanon|r(r)xr(r)- Then there is a short exact sequence 

^'^'^P(V°„„<,„)^°^*(^^,^ ■E.^,®^C-m{E)E) ^ ^'^'^P(V°„„<,„)Wcanonlr(r)xT(M) ^ V ^ Q. 

Because HOM-Oxi'^^x) is a contra- variant left exact functor on the cat- 
egory of sheaves of Ox modules, there is a short exact sequence over X = 
PfV° ) 

V ' canon 

Q^V* ^ {n® 7rp(vo_^^^„)W°„„o„|r(r)xT(M))* 1-^ 7?. 1-^ 0, 
where is defined to be the cokernel of the injective morphism V* 

(H(g)7rp(vo^^^^)>V°a„o„|Y(r)xT(M)) • 

We define the cone Cp = CiTZ) by the above recipe in [F]. We may take T> 
to be the locally free (W(g)7rp^^o )^tanon\Y(T)xT{M)) and then C(r>) is the 
associated algebraic vector bundle cone. 
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Then the above sheaf surjection V i-^ TZ i-^ induces a surjection on the 
corresponding sheaves of Ox algebras and thus an inclusion of cones C{TZ) C 
C{V). 

The next lemma relates the algebraic sub-cone with the coherent sheaf 

Lemma 8 The dual of the coherent sheaf TZ satisfies TZ* = H^TTp^^yo -)7?."7r, (O^ ^fc ,® 

For all t £ P(V°^„Q„), the fiber of the cone, Cp\t — Cp ><p(v°„„„„) {0 o,^ t 
canonically isomorphic toTi® i^p^yo )7^°7r* h^. ® £c-m(E)E) ® k{t). 

Proof: By dualizing the exact sequence we get 

Q^TV^{{H® 7r;(vo_)>V°„„„Jv-(r)xT(M))*)* ^ {V*)* . 

Because H(g)7r;>(vo )W°„„o„|y(r)xT(M) is locally free, {{Ump^yo )'Wcanon\Y{T)xT(M))*)* = 
TTp^Yo )W°„„o„|Y(r)xT(M) canonically. It suffices to show that the map 
W ® 7r;(vo_jW°a„onli-(r)xT(M) ^ [V*)* factors through P c {V*)* and 
therefore coincides with the original 

g-.n® 7rp(vo^^^^)W°a„o„|r(r)xT(M) 1-^ "P 1-^ 0. 

Starting from 

g -.H® 7rp(vo^^^^)Wcanonk(r)xT(M) ^ V (Z H ® 7rp(vo^^^^)Wcanon|y(r)xT(M) 

and take the double dual of g. On the one hand, it is easy to see that {g*)* 
factors through ("P*) . On the other hand, both W07rpcyo )W°„„o„|y(r)xF(r) 
and 7^(E)7rp^^o )W'canon|y(r)xY(r) are locally free, thus [g*)* = g canonically. 
As g factors through P, so is (<?*)*. 

Once this is established, TZ* must be isomorphic to W(S)7rp^-yo ■)7?.°7r* ® 

^c-M(£;)£;) as both are the kernel of the morphism g. 
By the construction of it is apparent that 

Cp\t = Spec{Sym{n)®Oxk{t)) = Spec{Sym{n®Oxk{t))) = H0Mm){TZ®Oxk{t),k{t)) 

= nOMox{T^,Ox) ®Ox k{t) = TZ* ®Ox k{t), 
and the first part of the lemma already concludes that 7?.* = W(g)7rpj^o -jT^^Tr, (O^ ® 

Therefore Cp\t =H® 'rp(vg„„<,„)^°'^*(^^.^ h,, ® ^c-m(b)b) ® k{t). □ 

Let Scanon and O denote the sub-schemes of the total space of H(8)7rp^^o )^ canonlv {r)xT{M) 
defined by the sections s canon and the zero section. Likewise set 0° to be the 
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zero section sub-scheme of the total space of H (g) TTp^^^o )^canon\Y{r)xT(M) ■ 
We notice that the algebraic family moduli space Mc-m.(E)e x Af„ ^(r), defined 
to be s~}„^^{0), can be viewed as the intersection s 

canon 

no. 

Define g to be the algebraic map on the total spaces of the vector bundles in- 
duced by H(g)7rp^y )W°Q„Q„|y(r)xT(A/) 1-^ H(g) 
The proposition 1101 implies that giScanon) — ^canon- 

Moreover, the vector bundles projection maps induce the following commu- 
tative diagram of isomorphisms. 



o 9 
s > s 

canon c 



1 



o° = o 

canon c 



On the other hand, lemma |S1 implies that Cp = g ^(O). Thus, 



gKanon ^ ^ p) = 9{Kanon) ^ 9iCp) ^ S^anon H O. 

On the scheme theoretic level, the ideal sheaf X' defines s"^^^^^ n Cp C s^anon 
is the inverse image ideal sheaf g^^I ■ C's"^,^^^ (see [Ha] page 163) of the ideal 
sheaf J defining s^anon n O C s^anon under the map g : s°„„on ^ ^canon- 

Since the commutative diagram of isomorphisms imply that g induces an 
isomorphism between s°^„q„ and Scanon, and therefore g^^Os^^„„„ — Os°^^^^- 
Thus, g-^2 C 5"^Os,„„„„ = ^s»„„„„ and T = g-^1 ■ Oso^„^„ = g^'^I = j/"""" 

Thus, the scheme Scanon n O and s°^„q„ n Cp are isomorphic. 

This ends the proof of proposition E| □ 

In general a cone can be decomposed into its irreducible components. There- 
fore, we may write Cp as Cp^ , where each Cp. is an irreducible sub-cone of 
Cp. By lemma IHl the cone Cp always contains an irreducible sub-cone 0°, the 
zero section cone of the vector bundle. Then there is a distinquished irreducible 
component among Cp^, called Cp^ — 0° . 

We have the following immediate corollary of proposition 1121 



Corollary 3 Over the closure of the admissible strata, Y(T), the algebraic fam- 
ily moduli space of curves in C — 'M.(E)E, A4c-m.{e)e ^m„ Y(T) admits a 
decomposition into 

Mc-M{E)E'XMr,Y(r) = ■^C-M(£;)£;-^e,, XM„>'(r)u|J 7rH®W,„„„„ (Scanon^Cp J . 

Each of the term 7rH®Wca,io,i (^canon ^ ^Pi) ^ closed sub-scheme oi X = 
PfV° ) 

\ canon/ 
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6 The Localized Top Chern Class and The Con- 
tribution to the Family Invariants 



At the end of this paper, we would hke to discuss some impUcation of the 
discussion presented above. Let us begin by reviewing the concept of locahzed 
top Chern class of a vector bundle (see [F] p244 for the details). 

Let E i—f X he a rank e vector bundle on a purely m dimensional scheme 
X and s : X i—f E he a section with zero scheme Z(s). Let se denote the 
zero section. Define Z(s) = e Am-eiZ{s)). It is called the localized 

top Chern class of E with respect to s. The most important property of Z(s) 
is z*Z(s) = Ce{E) n [X] e Am-e{^) Under the inclusion map i : Z{s) i-^ X. 
Namely it is mapped to the (global) top Chern class of E under the inclusion 
map i. 

If one goes through the definition of s^, one may write s^([-^]) in an alter- 
native way. 

Proposition 13 LetCz(s) denote the normal cone of Z{s) inX and let s{Z{s), X) = 
s{Cz{s)) denote the total Segre class of the normal cone. Then the localized top 
Chern class Z(s) is equal to {c{i*E) r\ s{Z{s),X)}m-e- 

Moreover, for all r gN the cycle class {c{i*E) n s{Z{s),X)}m-e-r = 0. 

Proof: This is the consequence of the commutative diagram on [F] page 244 
and proposition 6.1. (a) [F] page 94. The object {c{i*E) n s{Z{s), X)}m-e-r 
vanishes in the cycle class group because in the proof of proposition 6.1. (a) [F] 
Cd+riO = for d = rankcS,, r G N. □ 

The constraint on the grading will be used extensively in the following dis- 
cussion. 

Insteading of taking Z{s), we consider Y C Z{s) to be a closed sub-scheme 
and the denote inclusion Y C X hy iy- Then the expression {c(i^i^) fl 
s{Y,X)}m-e G ■^m-e{Y) defines a cycle class localized in Y. 

Definition 1 Define the cycle class Zy(s) = {c(2y£') D s{Y,X)}m-e to be the 
localized top Chern class contribution ofYc Z{s). 

The geometric meaning of this definition is clarified by the following propo- 
sition. 

Proposition 14 Suppose that the zero locus Z{s) can be decomposed into Yq 
such that Yq^ n Yq^ = 0, whenever qi ^ q2 and let jy^ ■ Yq i— > Z{s) denote the 
inclusion map. 
Then 

q 
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Proof: When Z{s) = Y[^Yq, Cz(s) = lJ,Cy,. Thus A.{Z{s)) 3 s{Z{s),X) = 

Then by projection formula (theorem 3.2. (c) on [F] page 50) 

Z(s) = {cii*E) n X)}m-e = ^^{cC**^^) H {jyJ*s{Y,, X)U_, 

q 

9 9 9 

□ 

We apply this set up to the family invariant of C—'M.{E)E, ATSW m,^^ixT( M)^~yM^xT( Af) (1, C- 
m(E)E). 

6.1 An Identification Upon the Local Contribution 

In our setting, we take X = 'P m^xT(m)(^ canon) and = H (g) it*x^ canon- 
Then the algebraic family moduli space M.c-'bA{E)E — Z{scanon) and the family 
invariant ATSW m,^+i-/.t{m)^m^xT(m){^iC ~ M.{E)E) is defined to be 



Z ^ Ao{X) 3 

Ctop canon 

)nci(H 



As in the earlier sections let F 7^ 7„ be an n-vertex admissible graph such 
that all the type / exceptional classes e^, 1 < i < n over Y{T) satisfy the 
following condition, 
Special Condition: 

either 

(i) . (C - M{E)E) ■e,<0, i.e. M{E)E ■ a > 0. 

or 

(ii) . the condition ef ~ —1, i.e. ei is a — 1 type / exceptional class. 

Fet fci, 1 < i < p be the subscripts in {1, 2, • • • , n} such that (C — M.{E)E) ■ 
Cfc. < 0. By permuting the indexes we may assume ki — i for 1 < i < p. From 
now on we adopt this simplified notation. 

Because ^(F) C M„ is a closed inclusion, the restriction A^c-m(_e)_b Xm„ 
Y{T) is a closed sub-scheme of Mc-m(E)E — Z{scanon)- Then we may take 
Y — Mc-'M{E)E X Af „ Y{r) and definition ^ determines a localized top Chern 
class contribution of F C ■A4c-'M{e)e- 

Then 



Zy(s)nCi(i^H) -+f«-Z^.^^ = {c{i*Yll(gTr*xW,anon)nsiY,X)} 



gives a localized contribution of the algebraic family invariant over Y(r). 
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Question 1: Can we express (enumerate) the localized contribution of the 
(algebraic) family invariant of C — 'M.{E)E over ^(r) in terms of the family 
invariant of some other classes? 

The complete answer of this question in terms of differential topology has 
been presented in [Liul] by using the concept of modified family invariants, the 
complete solution by a purely algebraic approach is beyond the scope of the 
present paper. Instead, we try to motivate the readers by providing a light- 
weighted version which answers the following questions. 

Question 2: What is the explicit form of the typical family invariant that we 
express the localized contributions of the family invariant over y(r)? 

Question 3: Why does the procedure of enumerating the local contributions 
of the algebraic family invariants involve the so-called higher level admissible 
decomposition classes (defined in [Liul]), i.e. the local contributions from the 

y(r'), r' < r? 

The conceptual understanding of both Question 2 and Question 3 are 
essential to understand the solution of Question 1. 

In corollary on page l40l we have shown that A4c-m{e)e xm„ ^(r) can be 
decomposed into Xm„Y{T) and Ui^oTrHgTr;^^,, jW,„„„„(Cp,n 

canon / • 

As our goal is to illustrate the patterns and difficulties involved, we make 
an additional assumption to simplify the discussion while the general situation 
without imposing this assumption will be treated elsewhere [Liu5] by using the 
residual intersection theory. 

Simplifying Assumption: The space C^_]yj,^-,^_y^ g and Ui^oTTHOTr* „ w<,„„„„(Cp;n 
Kanon) are disjoint, i.e. n Uj5^o7rH®7r;^^„^^^^jW,„„„„ (Cp, n 

^canon^ ^' 

As a direct consequence of this assumption we may name Yi = C^_j^^f^^^^_-^ x 
Y(r), Y2 = U,5^o7rH®7r;^^„ )W,„„„„(Cp, n s°„„on)> and Y = Mc-m{E)E = 
Y,Y[Y2. 

Then the argument of proposition 1141 implies that (after replacing Z{s) by 
Z{s) XX Y) 

'^Y{Scanon) = jVi ^'^Yi{s canon) + ^'^¥2(8 canon) ■ 

This implies that the localized contribution of the algebraic family invari- 
ant of C — 'M.{E)E over ^(r) can be decomposed into two parts, one from 

jy,,Zy,(Won) n ci(i|.H)*"°'''"+ ^ +P«2..<,. 2 £ z and an- 

Other from jy,,Zy,(worOnci(i^H) ^ ^'<" ^ e Z. 

To answer Question 1, we have the following theorem: 
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Theorem 4 Under the Simplifying Assumption above, the integer jYi^Zy^ 

Ci(iyH)''""'^"'^^"~'' ^ ^^"^ ^i<" 2 can be identified with the mixed 
family invariant 

for some r G KQ{Y(r) x T{M)) represented by a locally free sheaf on some 
zariski open subset ofY{T) x T{M). 

The mixed family invariant is identically zero when there exists an type I 
exceptional class with > (C — M(i?)i?) • > e|. 



Remark 4 The statement in the theorem still holds without the Simplifying 
Assumption, but it is beyond the reach of the current discussion. The element 
T e Kq{Y{T) X T{M)) admits a locally free representative and its associated 
vector bundle was called k, the residual relative obstruction bundle on page 44'^ 
of [Liul]. 

Proof of thcorcmH Because Fi = ^ XAf„ y(r) = ^(s°„„o„)xAf„ 

r(r), our goalisto identify jy,,Zy,(Won)nci(z;,H) ^ ^-s- ^ 

with some mixed family invariant of C— M(£')£'— ^^^^ Ck^ through a nine steps 
process. 

Step I: By definitions of m = dimcP (y°anon) = dimcB+q{M)+rankcVcanon~ 

1 and e = mn/ccWcanon, 'ZviiScanon) = {ciiyxiH (E> TTpi^y^o^^^jW canon)) 

s(yi, P(V°Q„o„))}TO_ei and we desire to transform it into a more recognized 
form. 

Denote the projection map Yi Y{r) by ttyi ■ Firstly, the inclusion Yi C 
X = P(V°Q„Q„) factors through Yi C X Xm„ ^(r) C X and it induces the short 
exact sequence of cones (see page 72, example 4.1.6. in [F] for the definition) 

7r^,^Ny(r)M„ Cy.X ^ Cy.X Xm„ Y{r) ^ 
and it implies the equality 

s{Yi,X) = s{7r*Y^NYir)Mr,) n s{Yi,Xxm„ Y{T)). 
We plug this identity into the defining formula of 'Zy-^^{s canon) and get 



^Yi {,'^canon 

Step II: By lemmaOthe cone Ui^oCp. (excluding the irreducible component 0°) 

is the locus over which the map g from the total space of H(g)7rp^^o )^°canon\Y(T)y.T(M) 

to the total space of H ® 7rp(v° )Wcanon|y(r)xT(A/) fails to be injective. 
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Denote the projection map from Yi to y(r) x T{M) C M„ x T{M) by kvi- 
The assumption that Fi n F2 = implies the injection, 

because Y2 C s°^non the locus over which the map ff|s°^„^„ fails to be injec- 
tive, is disjoint from Yi. 

By using •^p(v°„„„„)°*y-i = ky^ , we may rewrite c(iy^ (H(g)7rp|^^o ) Wcanon/)) 

as c{i*yH^ fcy, wILJ n C{l*yn<» k*yW,anon/l*Y,'H ® k*yW°ZZl 

Step III: As a direct consequence of our Simplifying Assumption on page 1431 
that the cone Uj^^^oCp, is disjoint from Yi, the sheaf iy^7?.°7r» (O^ _ (— M(i?)i?)$ 

£c) is trivial and the sheaf iy^T^^Tr* (O^ _ (— M(£')£') ® fc) is locally free 
on Yi = A^c_M(_B)_B-^ cfc ^ ^(r)- We may denote the algebraic vec- 
tor bundle associated with the first derived image sheaf by G 1— > Yi. By 
the commutative diagram in the statement of proposition IHl iy (H (g) G) = 

i^U^ k^W canon /i*Y,^(^ kyV^lanon- 

We notice that iy^ : Yi C X factors through iy^ : Yi C A x m„ Y{T) — X'. 
Combining the conclusion of step II and the above identification, we may 
rewrite 



{c(iy^H«) fcy^W°„j„„) n s(Yi, A') n c(iy^H«) G) n s(7ry^Ny(r)M„)}„_e 

J2 ^YM^*Yn®k*yW:^„^JnsiY^,XxM„Y{T))} nZy^^{c(Zy^ (H.®G))r]s{7TY^'NY{r)^^n)}di7ncX'-r- 

— oo<ir<.dimcX' 

Step IV: We recaU that ^(s°„„o„) x m„ Y{V) = Yi. Then by taking A' = A XAf„ 
Y(r), ix' : A' C A, and i;' = ® 7r^W°„„„„ we find that (rn' = dhncX', 
e' = rankc^lanon) 

Z(sLno„|x') = {c(*y,(H® 7riW°,„„J) n 5(Yi, A')}™'-e' 
= {c(iy^(H ® T^*x'^°canon)) ^ s{Yi , X')} m-e-rankcT>iY(r)M^+TankcG 

by using m! — dimcX — {dimcMn ~ dimcY (T)) = m — codimcY (T) = 
m — rankcNy (T)Mn and e' = ranked canon ~ rankcG — e — rankcG. 

Then the summation and its range of r in the final expression in step III can 
be changed into 



iY,4c{il^^n(g)k;^^W°c,„^Jns{Yl,X')}^.e+rniY^4c{iY,^®^ 

rankcG — rankc^Y (r) '^r<-dimcX' 

by applying the grading constraint from Dropositionll3lto A', E' ~ i*^, (H® 

canon) and Scanon\x'' 

To simply this final expression, some preparation in step V, VI, VII are 
necessary. 
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6.2 The Canonical Algebraic Kuranishi Model of Type I 
Exceptional Curves 

Step V: We construct the canonical algebraic Kuranishi model of a type I ex- 
ceptional class Ci = Ei — '^j, Ej. as the following. 

Let denote the n- vertex admissible graph such that 

(i) . the direct descendents of the i-th vertex are exactly all the jj-th vertexes. 

(ii) . the i-th vertex is the unique vertex among the n vertexes which has any 
direct descendent. 

Sec figure 1 for an example. Then Y{Te.) C M„ is the locus over which the 
class Ci becomes effective and codimcY{Tei) is equal to the number of 1-edges 
in the graph . 

Lemma 9 There exists a canonical sheaf isomorphism on the normal sheaf 
AAy(r, jM„ ^ n^TT, [Os, (Ei - E,. % )) • 

Proof: The sheaf short exact sequence 

{Ei-Y^EjJ ^ Os,{Ei-^E,,) ^ 
ji ji 

implies the following short exact sequence 



(Ei-^Ej,)) ^ n\.{0^,{Ei-Y,Ei,)) ^ 0. 

ji ji 

We notice 7ei7r*(e'M„+iXM„F(re,)) = H\M,Om) Oyir,,)- 
Consider the sheaf short exact sequence 

^ OM^+AEi - l^i^i.) ^ OM^^Ei) ^ j^^XEi) ^ 
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and take the right derived long exact sequence along tt = /„ : M„_|_i i— > M„, 
we get the following five-term sheaf exact sequence over M„, 

ji ji 

Similar to the discussion in proposition 5.3 of [Liu3], the sheaf 7?.°7r* {O-^ ^. (Ei)) 

is locally free with its rank equal to the number of 1-edges in T^^ . It is the canon- 
ical obstruction bundle of the type I class Cj. 
By using 

Ovir^^) ® (M, Om) = 7^ V, (Om„+i XM„i'(r., )) = 7^'^* (Om„+i {Ei)) |y(r,j , 

it is easy to modify the above five-term exact sequence to the following 
canoncial algebraic Kuranishi model of ei = E^ — Ej^ , 

^ n\,{OM^+^{Ei-J2En)) ^ Om,. ^ n\,{Oj2 EjEi)) ^ 7eV*(OM„+i(Si-^£,j)/7eV*(OM„+J ^ o. 

ji ji 

The morphism C»m„ = n°iT^{OMn+i{Ei)) ^ n°Tr*{Oj2 E.iEi)) defines 

a canonical section whose zero locus — Y{Tei). By proposition 4.3. in [Liul], 
the space YiTe^) C M„ is smooth and its codimcnsion in M„ matches with the 
rank of the locally free sheaf TZ^n^.^O'^ ^, {Ei))- Thus the algebraic section 

defining F(reJ is regular. An immediate consequence of the regularity of the 
section is the following identification of the normal sheaf 

A/V(re,)M„ - 7^°7r.(0^^ b,, (^^i)) k(r.,) = 'R-'M<^M^+i{Ei-Y,Ej,)) /n'n.{OM^^,)\Yir.^) = n'w.{Os,{Ei-Y,Ej,)). 

' ji ji 

The lemma is proved. □ 

6.3 Short Exact Sequences on A/y(re.)Mi 

Step VI: Consider the fibration Hj i— > F(reJ and the projection map n : 

T(M) X T(M) X Y{Te,) induced from tt : M„+i Xm„ ^(rej ^ ^(FeJ- 

Then we have the following proposition, 
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Proposition 15 Let ej be a type I exceptional class satisfying ei-{C—'M.{E)E) < 
0. Suppose that the intersection pairing Ci ■ {C — WL{E)E) < < 0, then 
there exists a relative effective divisor Aj C i— > y(rej of relative degree 
(M.{E)E + Ci) ■ Ci > 0, an invertible sheaf ■K*Qi on 'E.i pulled-back from Y{T(,i) 
and a short exact sequence of locally free sheaves, 

7^"7r,(OA.(-B,-^%))(8)Q, ^ TZ^Tr,{OE.,{-M{E)E)) ^ 7^V, (Oh. -BjJj^Q^ ^ 

exact on a zariski open subset ofYiTei). 

Suppose that the intersection pairing satisfies > • (C — M.{E)E) > ef, 
then there exists a relative effective divisor A,; C F(re. ) of relative degree 

— {'M.{E)E + ei)-ei > 0, an invertible sheaf 'K*Qi on'Bi pulled-back from Y (T 
and a short exact sequence of locally free sheaves, 

^^ ^Z"^T,{OAdE^-J2EJ,))(S>Q^ ^ Tl^7r*{OE.,iE,-J2EjJ)(^Qz ^ 7^V, (Oh, (-M(^)£;)) ^ 

ji ji 

exact on a Zariski open subset ofY{TEi). 

The reader should notice the similarity between proposition 1151 and propo- 
sition 0] in subsection 13.31 By lemma 1^1 in the previous subsection, these exact 
sequences can be viewed as exact sequences about Afyir^ ^Mn- 

Proof of the proposition: Denote the set of all descendent indexes of i by Ji. 
Firstly, notice that the effective divisors Ej. C Af„+i, ji e Ji restrict to cross sec- 
tions on Si 1-^ F(re. ). As Si is a fibration, the invertible sheaves 0-E-{Eji\si) 
for different ji G Ji are equivalent after tensoring invertible sheaves pulled back 
from the base y(re J. Define q = (M(£')£'-)-e,,)-e, € Z. Suppose that q > 0, fix 
one I e Ji and define Aj = qEi\E, + Y.j^JiU{i} ^j^j- Then Oh^ (-M(i;)£') and 
OHi(— Ai-|-(i?i — ^^.gj. E'jJ) have the same relative degrees along S^ ^ Y{Tf,i) 
and the former is equivalent to the latter after tensoring the latter sheaf by some 
invertible sheaf 7r*Qi pulled-back from the base Y{Tf,.). 

Then by tensoring the defining short exact sequence of A^ by 0-E.-{Ei — 

j:j,E,^)(g,7T*Q,, 

one gets 

^ OsA-M{E)E) i-> Oe^E, - Ej^) ® 'k*Q, ^ OA^^t - ^J.) ® ^ 0- 

By taking the derived long exact sequence along tt : S^ i-^ y(re. ) and restrict 
to the complement of the support of T^-^tt* (Oh^ (— M(_E)i?)) , we get the desired 
sheaf short exact sequence stated in the proposition. 

Notice that the choices of Aj, Qi are not unique. 

The proof of the g < case is rather similar and we leave it to the reader. 

□ 
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6.4 Some Vanishing Results about the Local Contribution 

Step VII: In this step, we derive a vanishing lemma which wih be used in the 
next few steps. 

Lemma 10 Let V X be a vector bundle of rank v and let s : X i-^ V be a 
regular section ofV with i : Z(s) C X, codimcZ{s) = v. Let Q be a line bundle 
over X, then = Cr(i*(Q (g) - i*V) = {c(i*(Q ® V")) n s{i*)V}d^mcZ{s)-T G 
■AdimcZ{s)^r{Z{s)) for all r e N. 

A sketch of the proof: Firstly, assume that Q is effective and consider a fixed 
section s^Jq defining the effective divisor Dq. Then s^sdq is a section oiV(^Q 
and Z{s) C Z{s(S) sbq)- 

By the regularity condition on s, 'Nz(s)^ — i*V. Blowing up Z{s) C X into 
a smooth divisor D. 

By a direct computation following [F] page I6I-I62, equations (1), (2), (3), 
one finds that 



c{i*{Q(»v)ns{z{s),x) ^c{q(»v)r\s{z{s(»SDj,x)-c{0{-D)(»q(»v)ns{DQ,x). 

By the grading constraint from proposition^] the degree dimcX — v — r = 
dimcZ{s) — r pieces of both terms on the right hand side vanish for all r G N. 
Thus Cr{i*iQ (g>V)- i*V) = for all r e N. 

Secondly when Q is not effective, write Q = Qi (g) Q2^^, where Qi, Q2 are 
both effective. This is always possible as we can twist Q by a high power of 
ample line bundle D to make both Qi = Q (g) D' and Q2 = D' effective for 
large enough 1^0. 

We know that /r(m,n) = c,.(i*(Q7«)Q5«)T^)-i*y) = for all m,n,r e N 
because Q™ ® Q2 is effective. 

On the other hand, ci(Q™ ® Q5) = m ■ ci(Qi) + n ■ ci(Q2) and fr{m,n), 
being an algebraic combination of Chern classes of z*Q and i*V, must be a 
polynomial expression in terms of m and n. Then the polynomial in n, /r(l, n) 
has an infinite number of roots, fr{l,n) = for all n G Z. In particular, 
—1) = and thus 

c^(i*(Q (E)V)- i*V) = Crii*iQi (E) Q^^ (E)V)~ i*V) = 0. □ 

Step VIII: After the preparation in step VI and step VII, we continue the dis- 
cussion from step IV and show that 

Proposition 16 Suppose that Ci ■ {C ~ 'M.{E)E) > ef for some i, 1 < i < p, 
then local contribution of ^, x m„ i^(r) to the family invariant 

ATSWAf^^,xTiM)^M„xTiM){^,C ~ M{E)E) defined by (consult page^^ 
vanishes. 
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Proof: For notational simplicity, we may assume that ei • (C — 'M.{E)E) > ef 
by permuting the indexes {1, 2, • • • ,p} (if it is necessary). 

Firstly, we notice that for C = C — M.{E)E, we have an equality, 

< ei ■ (C - M{E)E -e,) = e,-{C- e.) = f ^i(Km„../mJ ' g ^ 

l {C_-eiY - ci(KM„_^i/Af„) ■ (g- ei) ef - Ci(KM„+i/Af„) ■ 

\ 2 2 ^■ 

Thus the family dimension of the class C_ is strictly larger than the family 

dimension of the splitting C_ — ei and e\. We will argue the vanishing of the 

intersection number by the negativity of the dimension count. 

Firstly, take W to be the algebraic vector bundle associated to 7?.°7r* (Cm(£;)£;+£;i Ej '• 

£c). 

Then we argue 



{c(z;.^H®7r;(vo_„jW)ns(n,X'}rf™eX-co<i.,ncy(r)-ra„fccWnCi(z;.^H) 5 +R,+*mcAf„ 



vanishes. 
It is because 



dimc^ — commc^ (i j— f'ctnfcc W = ^ hpg+mmcM„+^ 



- ci(Km„+i/ji/,J ■ C 
< ^ ^Pff + dimcMn- 

Secondly, we would like to transform a = {c{iY^li(g)W)r]s(Yi, X')}dimcX-codimcY{T)-rankcVJ- G 

(Yi) to the original local expression {c(iy^7rpj-yo j Wcanon)n 

s{7T^NY(r)Mn) n XAf„ r(r))},„_e. 

By proposition El and the fact ei • (C — 'M.{E)E) > , there exists a short 
exact sequence on 7?.^7r* (Ohi — ^ji))- We may tensor it with and 
get 

^ n"7r,{OA,{Ei-Y,En))^Qi^^c ^ 'R}tt*{Oe.AEi-^Ej,))®Qi®Ec ^ n^7T,{OE,{-M{E)E)(g)£c) ^ 0. 

jl 31 

Let us set a few notations before moving forward. 

By proposition El the sheaf T^-^tt, (Oa, (-^i — Yl,ji Ej^)) ® Qi® £c is locally 
free on Ui, the complement of the support of TZ^'K^,{0-Ei{—yi-{E)E)Y Denote 
the corresponding vector bundle by Vi i— s- Ui. Denote the normal bundle of 
Y{T^.) C M„ by N,, 1 < i < p. Denote the inclusion Y{T) C Y{T^^) by K 
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Because Y{r) is the locus over which all e^, 1 < j < p are effective, ^(r) = 
r\i<i<pY{reJ and Ny(r) = ®i<i<ph*Ni. 

Define U ^ Ui n Y{r) C r(r) and set ttf : F 7r^,/i^J/i <S) Htt^, ®2<»<p 
h*'Ni\x'xY(r)U X' ^Y(r) U to be the projection map of the vector bundle F. 
Set sf : X' Xy(p) [/ i— > F to be the zero section map. 

Because Yi c X' ^y(t) U, a e AdimcX-codimcY(r)-rankcw{Yi) defines a 
class in Adi„icX-codimcY{r)-rankcwiX' Xy(r) U) and we abuse the notation 
slightly and denote it by the same symbol. Then by page 67, example 3.3.2. of 
[F], c(F) n a = SpSF*a and then 

a = {o:}dimcX-codimcY{r)-rankc'W — SpSF^{s{F)r]a} ^imcX -codimcY {r)-rankc'W+rankcF ■ 

By the short exact sequence of i^i in proposition llSl and by lemma|3 we have 

= s(7r^,/iJNi|x'x^(r)t/)nc(7r^,/itNiU'x^(r)i/-7r^'/itNi(»Qi®Ec<»H|x'x^(r)C/) = s(7r^,/iJNi|x'x^(r)C/)- 

c(7ri,/iJNi|x'x,,(r)C/-7rx'/itNi(g)Qi(g)Ec(8)H|x'x^(r);7) = s{TT*x,hlNi\x' XY,r)u) = 1 

because X xm„ ^(rei) is the regular zero locus of the global reqular section 
of ■k'^TZ°tt^{Oj2 E.^i^i)) on X ^ P M„xT{M)(^ca7ion), lemma [TUKwe take 

Q = 7r^(/i*Qi (g) Ec) «) H) and the fact U C Y{r) C Y{Te,). 
Thus, 

dime X -{-codirncY (T) — rankc'W -{-ranked 

nc{t*Y^ (H (g> TT^W)) n s{Y,,X')}d,ma X+codimcY {r) — rankc'^+rankcF 

= {s(Ny(r))l^c(iY^H(X)7rp(.^o^^^^-)Wcarion)ns(Fi, X')}^j^j,X-codimci'(r)-ronfccW+ranfccF ^ 

due to the Chern classes identity 

c(W,,„„„) = c(W) n c(7^l7r, (Ohi (-m(£;)£;) ® f c) ) 
derived from a short exact sequence similar to the one in proposition |51 relating 

y^canon and Wcanon- 

Thirdly, the integral grading of the last expression above is equal to 



dirncX+codimcY(r)— ranked +rankcF = dimcX+ — — — — !._j-q^;j^W— * '^^^ Ji/„+i/Af„) 

l<i<p 2<i<p 
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+rankci^i — dimcX H ^ ranked + rankci^i — dimcX — ranked c 



_^ei ci{Km^+,/mJ ■ ^rankcVi+rankcn^TT*{OE,A~'^{E)E)®£c)} = rankcX -ranked ^anon = 

and the final expression 

{c(iy^H ® 7r|,(v=_^jWca„on) H s{Yi,X Xm„ Y{T)) n s(7rf^Ny(r))}r„-e 

matches with the final expression in step I. Therefore, its cap product with 
ci(iy,H) +Pg+AmcA/„ ^^^^ ^c zero as weh. □ 

Step IX: In this final step, we work with the situation that > ef > • (C — 
'M.{E)E), 1 < i < p. Define the class r and identify the local family invariant 
contribution on Yi with ATSWM„+iXM„Y{r)xT(M)>^Yir)xT{M)(ctotai{T),C - 
M(i?)i?-Ei<.<pe,). 

Define t to be the equivalence class represented by the sheaf 

®l<^<ph* {TZ\, (OH.nuo<„<.H„ {~M{E)E)(E)£c)®TZ\, (Oa, {-M{E)E))^Q,^£c) , 

locally free on ni<i<pUi x T{M), where Ui C F(re.) stands for the Zariski 
open subset defined on pageEOlin step VIII. Because tty^ : Yi i-^ ^(r) factors 
through U C Y{T), (TTy^r) = for r e N. 

The family modufi space ■A^c-m(£;)_e-E e, '^m„Y{T) ~Yi d X' above Y{T) 
is defined to be the zero locus Z{s°^ngj^) x m„ ^(r). By applying proposition^! 
the mixed family invariant AFSW M^+^XM„Y(^)xT(M)^Y(^)xT(M){ctotal{T),C- 
'bA{E)E — X]i<i<pSi) '^^'^ be identified with the following expression involving 
localized top Chern class, 

^ Cr(«nT) n {c(iy^H ® 71"p(V°„„„jW°„«orJ n s{Yi,X')}dimaX'~e' 



Q<-r<rankcT 



nci(z;.^H) 



nci(z;.^H) 



^ + '' ^ +Pg+dimcY(T)\ 



Thus, it suffices to identify 
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iYi*(cranfccr(iyiH(g)7ry^r)n{c(iy^H®7rp(vo_^^^^)W°^„„Jns(Fi,XXAf^y 

with the final expression derived in step IV. 

By a direct coniparision it suffices to identify Cfc(iy^H(8)7ry^r) with {c(zy^H(8) 
G) n s{TTY^'NY{r)Mn)}dimcX'-k for aU k e {0} U N and argue the vanishing of 
{c(iy^H 0)0 s{'!rpNY{r)Mn)}dtmcX'-rankcT-k, fc £ N by the vanishing of 
CrankcT+kia TTy^ t) = 0, fc > for any locally free r on [/ x T{M). 

Firstly, by using Ny(r)M„ = ©f^i/i*N„ 

c{iY^'H(g) G) n s(7r;.^Ny(r)M„) = c(iy^H «) G - 7rf^Ny(r)M„) 

= c(i;,^H®G-i;.^H®(ei<,<p7r;,^/i*Q,®Ec®N,))nf^ic(i;.^H(g)7r;.^/i*Qi(^Ec(^N,-^^^ 

Please consult proposition II 51 in step VI for the definitions of Q^. 

By lemma El the locus X x m„ YiTei ) C X is the zero locus of some regular 
global section of the locally free sheaf 7r^7?.°7r* (O^ ^. (Ei)), which implies 

(by lemma the equafity c(H ® Q, (g) (8) tt'^/Nj — 7r^,Ni) = 1 for each 
l<i<p. 

Thus, we may drop nf^ic(jy^H (g) Tr^^h*Qi (g) Ec 8) - 7rf^ft.*N,j) from the 
above expression and prove that 

[G] - [®l<^<ph*{Q,(g)£c (^M)] = T, 

in Kq(U X T(M)). As usual, we have used the calligraphic characters Q, Mi, 
Qi and £c to denote the locally free sheaf associated with G, Nj, and Ep. 

This equality follows from the definitions of r and G, the short exact se- 
quences of Ni stated in proposition [T^ and the following short exact sequences 

^ n"Tr,{Os,nu,^,3j-M{E)E)(g)£c) ^ n^TT*{0^,{-M{E)E)®E^_^^ h-> TeV, (Oh. (-M(£;)£;)0£c) ^ 
on Ui X T{M). This ends the proof of theoremgl □ 

6.5 Some Partial Orderings Among (F, Ee, (c-m(£;)£;)<o e*) 

At the end, let us address Question 3 on page 1431 brieflv. Theorem 0] has an- 
swered the question of identifying the local contributions of the family invariant 
under the Simplifying Assumption. 

On the other hand, it is clear from proposition ^1 the local contributions 
over the whole ^(r) (not only from Yi) involve more terms yet to be identified 
and are related to the local contributions upon (Cp — 0°) n s°^„q„. In principle 
we may repeat our discussion upon Y{Y') to some other admissible Y{V'),T' < T. 
(compare with □ on page I54|l . 
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Our discussion in theorem 0] makes us believe that the mixed family in- 
variants similar to the expression in theorem ^ could have appeared while we 
enumerate these unknown contributions. 

On the other hand, if we consider the local contributions of the family invari- 
ants upon the closures of two admissible strata ^(ri), l'(r2), y(ri)nF(r2) ^ 
simutaneously, it leads to potential over-counting as the local contributions from 
y(ri) n Y{T2) are counted twice altegother. The phenomenon becomes more 
complicated when more than two different Y(T) are involved and some com- 
binatorial partial ordering (see page |^ below) upon these admissible graphs 
r G admin) have to be imposed in order to get a consistent enumeration on 
J^ASW without over-counting. 

A few partial orderings among the admissible strata Yr, T S admin) can 
been introduced as below: 

Given a fixed M{E)E — J2i<i<n ''^i^i encoding the singular multiphcities of 
curve singularities, consider all the admissible strata lr,r S adm{n) satisfying 
the special condition on page 1421 

One may introduce three partial orderings >, ^ among all such (F, X]ei (c-M(£;)£;)<o ^i) 
by the following conditions based on the degenerations of type / exceptional 
classes: 

Let r and T' be two admissible graphs. If the following condition (i) holds, 

(i) . r>r', i.e. Fr' c r(r) - Fr 

then (r, Y.e,-M.(E)E>o e») is said to be larger than (F', Y.e'.-m(E)E>o ^'^ ^i^der 
a partial ordering >, 

(r, eO>(r', 

ei-M(£;)_E>0 e^M(£;)_E>0 

We say that (F, Ee.-M(iJ)i5>o e») ^ (r', Ee^M(i^)i^>o ^D) if additional to (i)., 
the following condition (ii). is satisfied, 

(ii) . The class Ee,.(c-M(£;)B)<o " Ee^(c-M(B)£;<o is effective over . 
In other words for all h E Yp', the exceptional curve above b dual to each e^- 
with e'j ■ (C — 'M.{E)E) < is an irreducible component of the tree of P^s dual 
to an ei with • (C - M(£')£' < 0. 

We say that iT,J2e,.m{E)E>o(^^) > (r', Ee^.M(£;)iJ>o ^0 under > if (i). and 
the following condition (iii). hold, 

(iii) . For all e^, with • (C — 'M{E)E) < 0, the corresponding e- — e^. There 
exists at least one 1 < j < n such that ~ —1 but e'j ■ (C — M.{E)E) < 0. 
(compare with page 409-410 definition 4.5 of [Liul]) 

If the equality may hold, we replace the symbols >, □, ^ by >, □, 

We end the current paper by the following observation, 
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Proposition 17 Let T satisfies the special condition on page \4'^ let (F, 'Yl,e -(c-m(E)E- 
(r', Y.e'.-{C-m(E)E<o^i)' ^^en there exists an intermidiate pair (F", Y.e'^ ■{C-m{E)E<o^i) 
such that 



(r, '^0 3(r", E '=")>(r', E e^. 

ei-(C-M(_E)£;<0 e^'-(C-M(£;)£;<0 e'.-(C-m{E)E<Q 

Proof: Consider the cohomology class T.e,-{c~m{E)E)<Q ^i-T.e'^.{c-m(E)E<Q ^'j- 
If it has been effective on the whole Yp', then we may take F" = F and the 
statement holds trivially. 

If the class Ee,.(c-M(£;)iJ)<oe» - Ee;..(c-M(B)£;)<o is not effective on 
Fr', one defines the index sets / = < i < n,ei ■ {C — 'M{E)E < 0} and 
J — < J < ■ (C ~ 'M{E)E) < 0} as subsets of the universal set 

{1, 2, • • • , n}. Then there exists an non-empty subset Jo G J — I such that 

(a) - T,^&I e» " EjGj-Jo is effective on Fr'- 

(b) . Consider any proper subset Ji C Jq, then Eie/ ^ EjeJ-Ji ^'j is non- 
effective on Yp' . 

By a direct calculation the intersection pairing e.^ • e Z is always negative. 
Thus for all points in Yy>, the irreducible dual to is always an irreducible 
component of the tree of P^ dual to Ci. Therefore, — e^, i € /, is effective over 
Fr-. So is their sum - e-) = E»g/ e» - Eje/ e^- 

^s Eie/ ^« ~ Sje/ "^j i^ effective but Eie/ ^« ~ ^jeJ ^'j ^^^"^^ exists 

at least one minimal subset Jq C J — I satisfying (a) . and (b) . 

Then the co-existence of the type / exceptional classes e'j, j E {J — Jo) U J"^ 
as irreducible rational curves defines an admissible stratum encoded by some 
admissible graph F" with the properties e" = ej for j S (J — Jq) U J'^, e" = Ej, 
i.e. (e;')2 = -1, for j G Jq- 

Recall that the closed set F(F) is the locus in M„ over which the type / 
exceptional classes ei,l < i < n are effective and it is apparent that all e^, as 
effective combinations of e" = e'^, j G (J— Jo)U and some —1 classes e", j G Jo 
(effective over the whole M„), are effective over Fp"- Thus F(F) D Fp" and 
F > F" accordingly. For a similar reason F" > F' as well. 

The non-emptyness of Jq implies (r", Ee" (c-M(_E)_E)<o ■(C-M(_E)_E)<0 Ej 

On the other hand, to show that Ee,.(c-M(£;)iS)<o e« - Y.e- ■{c-m{E)E)<o 
is effective over Fr" (as requried by the partial ordering □), we show that the 
difference must be an effective combination of e", j G (J— Jo)U J'^ and e", j G Jq. 

Firstly, we know that 

E E ^" = E^- E ^; 

ei-(C-M(_B)£;)<0 ey-(C-M(_B)£;)<0 iG/ jeJ-Jo 

is effective over Fr' . Thus, it must be an effective combination of e'j,l < j < 
n, say J2i<j<„(^J^j^ > 0. 
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We argue that for all j £ Jo, cj = 0. Otherwise, we may take Ji = S 
Jo,Cj = 0} C Jo and make ^ J^jeJ-Ji ^'j effective over Yt', violating 

the minimality condition (b). that Jo satisfies. 

Thus, J2j<n ■ = EjGj-jo CjSj + J c,e;-. 

By the defining properties of T' and T", = e^', j e ( J - Jq) U J^ Thus all 
these type / classes e^, j e ( J — Jq) U J^ are effective over Yp" and so is their 
effective combination 

j^Jo e,-(C-M(_B)£;)<0 ■(C-M(£;)£;)<0 

The proposition is proved. □ 

We point out the geometric origins of these partial orderings. 



Remark 5 The partial ordering > indicates that the admissible stratum Ir' 
can be degenerated from Yr- It implies that Mc-m.{E)E x Af„ ^(r') "i-s contained 
inside Mc-m{e)e 'Xm„ ^(r). 

The partial ordering □ indicates that every type I classes e'j with e'j ■ (C — 
M.{E)E) < are degenerated from some as one of its irreducible components. 
The □ implies that family moduli space -^c_ivrf_El_E-'V^ ^M„ 
F(r') is contained inside ■^(7_]vi(£;i£;- V e' ^^^^ ^(r')- 

The partial ordering ^ indicates that when one degenerates from Yr to 
Yp' , some new type I class with • (C — M(_E)i?) < appears while 
the remaining Ci, Ci ■ {C ~ 'WL{E)E) < are preserved. The ^ implies that 
^c-mE)E-T e'^M„Y{r') IS contained mM (J 

^ ' -(C-M:(£;)£;)<0 ^ ^ ' i^e^-(C--M( 

r(r). 

Notice that the V or T" in proposition \l"/\ may not always satisfies the spe- 
cial condition on page \4^ This indicates that there is some other admissible 
strata Yp in Af„ satisfying the special condition and Yy' or Yt" is in the 
intersection ofY{T) andY{dotT). 
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